a ee or: ea. b 4 - 
© . 


a ae : Q UNIVERSITY OF HAWAI! 
pplications and Indu&fr 
Juv 3 8 38 AH 79 
September 1961 


Transactions Papers 


: Industry Division 


a 


60-1020 Problems of Asymptotic Behavior and Stability 


Sea rants ee Cesari . . . 161 

61-76 2 Canteol of Nonlinear Discrete-Data Systems....... Tou, Vadhanaphuti so. ~ 166 
* ll % ‘ oy: | 4 

46 Waveshape Effect on A-C Tungsten Inert-Arc Welding 27... 235s Correy . . . 171 


Determination of F requency Response of Transfer Function..Wierwille . . . 183 


l l Response of Nonlinear Systems to Arbitrary Inputs..... iain Coie McFee . . . 189 


| On Linear Control Theory BR trae eonlnle yt ah Mk ae, Dae ee Sc ae acs Joseph, Tou . . . 193 
| Piase- Space Analysis and Design of Linear Systems....... Han, Thaler . . . 196 
| Optimum Synthesis of Multiport VSO Fe Geen Saik we Egan, Murphy . . . 203 


eral Applications Division 


A : 

60-599 Locomotive Repair Costs and Their Economic Meaning......... Brown . . . 209 
| (i ee ; ; 

4 51-878 Equipment for Remote-Controlled Railroad Operations..... Blumstein . . . 216 
61-190 Contact Wire Wear.......... Mee NR anda Sere ass inieedte rae oa Gordon . . . 220 


© Copyright 1961 by American Institute of Electrical Engineers 


| i NUMBER 56 
Se Wits Published Bimonthly by 


< 


AMERICAN INSTITUTE OF ELECTRICAL ENGINEERS 
ee 


| 
’ 


> eS 


a cid SEND 


yy 


—- 


* 


> i 
reve 


i 


ear be 


Communication and Electronics—September 1961 


60-1005 Rotating Raster Character Recognition System..... siegns SS ee Weeks . . 
60-200 Hysteresis Curve for Thick Tape Cores.....-++5> DellaTorre, Dentella . 

60-1015 Neutron and Gamma Irradiation of Ferrites....Moss, Kooi, Baldwin . . 
61-225 Transient Behavior of Thermoelectric Generator......- Stremler, Gray . . 
60-1282 Magnetization and Pull of Mating Magnetic Reeds........-+++++- Peek . . 
60-1229 Logical Design by Regression......-+-+++++s+rrreeeresercees Schubert . . 
60-193 Generalized Recurrence Relations in Nonlinear Analysis......-.-- Wolf . 

61-15 Recommendation for Testing of Converters.........+++ Gaines, Fischer . . 
61-148 Analysis of Single-Ended Amplifiers with Inductive Load.......- Nahi. . 


61-182 Problems in Applying the SCR to Tungsten Lamp Control. . Daugherty 


61-129 Measuring Slow Magnetization in Tape- Wound Cores. -Brownell, Baker . 


60-980 Design of a Dynamic Control System..... Pret. Beecher, Gould . 
61-194 High Coercivity Permanent Magnets.......---+++++++ererees Schindler < . 
61-188 Electric Analog of Transport Phenomena............+++++++++- Talaat . . 
61-128 Flux Reversal in Multiaperture Ferrite Cores........... Rowe, Slemon . . 
60-1413 Design of the Generator Voltage Regulator.............--- Van Emden . 
61-193 A 4-Megacycle 24-Bit Checked Binary Adder..........-----+--- Homan . 
59-1191 Algorithms for Logical Design........-+-+++++++++- Ewing, Roth, Wagner . 
61-99 Design of Diode-Switch Trigger Circuits............+.+++--- Vojinoyic pS 
61-804 Representation of Curve with Linear Segments............--+-- Shiva .. 
Worrar tcc este cere ay cia thsi ete a oho a casetenas Pah Gi sVoraanaiiate sta eg avata ln, dpe’ stl atetega ie eae hia Lee . 
AIEE-National Science Foundation Translation Service........ silaletegete fe teu sc special insert - 


a 


Note to Librarians. The six bimonthly issues of “Applications and Industry,” March 1961-J = 069. weil) aloe 
eee single oe ee 80) pst reas Nae vce ibe Tk Apolicsone and hie eit a“ 

a nical papers on that subject presen uring 1961. Bibliographic ref icati = ate 
to Part II of the Transactions are therefore equivalent. ete : ee to Applications and Industry: 


Applications and Industry. Published bimonthly by the American Institute of Electrica ineers, from 20: 
Northampton Streets, Easton, Pa. AIEE Headquarters: 345 East 47th Street; New York oe ae hee ‘ 
must be received at AIEE Headquarters by the first of the month to be effective with the succeeding issue. Copie 
livered because of incorrect address cannot be replaced without charge. Editorial and Advertising offices: 343° Has 
Street, New York 17, N. Y. Nonmember subscription $8.00 per year (plus 75 cents extra for foreign postage a 
advance in New York exchange). Member subscriptions: one subscription at $5.00 per year to any one of three dy 
publications: Communication and Electronics, Applications and Industry, or Power Apparatus and Systems: ad 
annual subscriptions $8.00 each. Single copies when available $1.50 each. Second-class mail privi leges auth 
Easton, Pa. This publication is authorized to be mailed at the special rates of postage prescribed by Section 132.1 


The American Institute of Electrical Engineers assumes no responsibility for the s ini vance 
tributors to its publications. R _ eb decane ty odveee 


Printed in United States of America | Number of copies of this | 


HIS PAPER attempts to focus on a 
number of areas in nonlinear differen- 
al equations which appear to be of 
eightened interest today. 

When a physical phenomenon is re- 
iced to a mathematical one, a certain 
egree of schematization and simplifica- 
on necessarily occurs, and countless 
etails, considered as inessential, are 
sregarded. Here those phenomena are 
interest where the inherent non- 
nearity cannot be disregarded. But, 
hen it is assumed that a system of dif- 
ential equations 


f(x, t) (1) 
et, = tnd fH (h, »..5 fn); Care 


epresents”’ a given phenomenon, it must 
pt be overlooked that at least the 
merical coefficients appearing in f are 
aqown only with a certain degree of 
proximation, and that even the form of 
is not certain. Also, if a certain solu- 
pn X(#) is defined by its initial 
Tues X(0), it must be considered that 
(0) may never be known exactly. In 
ition, to know X(0) may not be of in- 
rest. Finally, the physical system is 
nstantly under the influence of countless 
Sturbances which cannot be taken into 
msideration. All this leads to the con- 
ision that if a solution X(é) of equation 
$ to have any physical interest, it must 
esent two kinds of stability: 


A stability with respect to the initial 
lues so that all solutions ¥(t) correspond- 
z to initial values X(0) sufficiently “‘close’”’ 
X(0) are in some sense close to X(¢) for 
t4,0St<+ 0, There are a number of 
ferent mathematical formulations of this 
quirement: Lyapunov stability, asymp- 
ie stability, orbital stability, asymptotic 
pital stability, etc. The problem in itself 
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Problems of Asymptotic Behavior 
and Stability 


LAMBERTO CESARI 
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suggests which of these concepts has to be 
applied. 


2. A stability of the differential system it- 
self [in particular with respect to the param- 
eters and physical constants involved, and 
at least in a neighborhood of the solution 
X(t)|, so that the solutions x=y(t) of any 
system 2t=g(x,t) sufficiently close to 
&=f(x,t), are close to and present corré- 
sponding behavior of the solutions x = x(t) of 
£=f(x,t). The only mathematical formula- 
tion so far known of this more difficult re- 
quirement is the structural stability of 
Andronov and Pontryagin.! (For informa- 
tion on the general subject, see references 1 
2, and 3.) 


Realistic as all this seems to be, it must 
not be overlooked that all kinds of 
regulators, control systems, and _ servo- 
mechanisms present some small time 
lag, and even some degree of heredity in 
their actual working. Therefore, the 
mathematical problem should actually be 
a more complicated one. These further 
difficulties must be disregarded here. 
Here, primarily nonlinear differential 
systems of the form 


£=f(x, t) (1) 


are considered or, in the autonomous case, 
of the form 


t=f(x) (2) 


It is well known how futile it is to try to 
solve the system formally or numerically. 
In most situations, however, this is not 
needed, but only the determination of the 
steady states of the system (points of 
equilibrium, periodic solutions, family of 
periodic solutions, invariant surfaces, 
etc.) and, more precisely, only those which 
are stable. The difficulties connected 
with the actual solutions of nonlinear dif- 
ferential systems impose the use of quali- 
tative methods. 


Points of Equilibrium and Their 
Stability in the Small 


First an autonomous differential system 
in considered: 


LT), i. es XL; =f;(%1,. ‘ © oo), 
Oily ols ae GH) 


where C= a) xn)5 f=(fi, iy has)? 
Let ||s-y|| denote as usual the Euclidean 
distance of two points x and y, so that 
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||-«|| is the distance of the point x from the 
origin, Here a point x is of course the 
representative of the state of a system in 
the phase space. A point xo =(x0,...,%on) 
where 


f (0) =0, i.e., 


Filo. . (4) 


. %on) =0, o— ie soy, 


is said to be a point of equilibrium of the 
system. The points of equilibrium corre- 
spond to the constant solutions of the 
Systema. 2.“ =a9) 42) Xi Sapte — ee 
n, for all —-~o <t<+ 0, The determina- 
tion of the points of equilibrium does not 
involve the solution of the differential sys- 
tem of equations 3, but only the numerical 
solution of the finite system of equations 
4. Graphical and numerical devices for 
this purpose are well known. Once an 
isolated point of equilibrium xo is known, 
it is important to establish whether it is 
stable. This verification also, may not 
require the solution of the differential sys- 
tem. Let us consider the linear part in 

the development of f(x) in Taylor series, 

around %, i.e., f(x) =A(x—x»)+R(x), 

since f(%)=0, and we have R(x)/ |lx- 

Xo||—>0 as xx, and A=(ai) is an nXn 

constant matrix, ain=Ofi/Ox, at x=Xp. 

An important theorem by Lyapunov 

states: 


If the characteristic roots of the constant 
matrix A have negative real parts, then the 
point of equilibrium x is asymptotically 
stable and the system is structurally stable 
in a neighborhood of xo. 


Under these conditions all solutions 
x=x(t) of the system of equations 3, with 
initial point x(0) sufficiently close to xo, 
approach x ast>+ ©. Therequirement 
concerning the matrix A means that the 
linear system with constant coefficients 
u=Au has all solutions approaching zero 
ast>+o. The requirement on A itself 
is algebraic in character and can be 
verified by well-known devices.4 In 
actual analysis it may be convenient to 
reduce x to the origin by means of a dis- 
placement in the phase space. 

For a nonautonomous system 


t=f(x, t) (5) 


presenting a constant solution, x=0, 
and hence f(0, #)=0 for all #, the relation 
holds f(x)=A(é)x+R(x, #), and it is as- 
sumed that R(x, t)/ || || 0 uniformly, 
in ¢t as x0. Lyapunoyv’s theorem 
holds also in this case, provided we re- 
place the words ‘‘characteristic roots of 
A’’’ by type numbers of the solutions of 
the linear system (with variable coeffi- 
cients) = A (t)u, and provided this is suffi- 
ciently regular. In the periodic case, the 
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type numbers are the usual characteristic 
exponents and the system is regular. 
Thus, even inthe nonautonomous case, the 
analysis of the underlying linear system 
suffices for the asymptotic stability of the 
constant solution x=0 of the differential 
system 9. 

If one characteristic root of the con- 
stant matrix A is zero, or two character- 
istic roots are purely imaginary, stability 
and instability may depend upon the 
nonlinear terms of the development of 

f(x). Conclusive theorems of Lyapunov 
may answer the question of the stability 
of the point of equilibrium.*°” 

For n=2, for instance, for mechanical 
systems with one degree of freedom, 
much more information is available than 
fot 2. Ps 


The Second Method of Lyapunov 
and Stability in the Large 


The theorem mentioned previously con- 
cerns only stability in the small, ie., 
whether a system slightly deviated from 
a position of equilibrium x will return 
toward x) at t++o. None of these 
theorems give any indication as to how 
small the deviations have to be in order 
that the system return toward x. Sta- 
bility in the large is a more difficult 
problem. Obviously, a necessary condi- 
tion for stability in the large is that there 
is only one point of equilibrium x in the 
whole phase space. Both questions may 
be answered by using the second method 
of Lyapunov. The underlying idea con- 
sists of finding a function V =V(x)= 
V(x1,..-,%n) in a neighborhood U of the 
point of equilibrium (which may be 
assumed to be x=0), or in the whole 
phase space, satisfying the following two 
conditions: V(0)=0 and V(x) is defi- 
nitely positive, i.e., V(x)>0- for x0; 
V' (x) =Zifi(x)OV/0x1<0 for allxA0. If 
a function V can be found satisfying these 
two conditions, then the point x=0 is 
asymptotically stable.> — 

If the conditions for V are satisfied in 
the whole phase space and either V+ © 
as ||x||>+0, or V’<—m<0 for all 
||x||> 0, and some m, M>0, then the 
point x=0 is asymptotically stable in 
the large. Otherwise, the underlying 
analysis may determine a neighbor- 
hood Up, in general smaller than 
U, such that the stability is assured for 
all possible deviations within Up. Prac- 
tical consideration may determine 
whether the size of Up is sufficient. It 
' may be helpful to know that V’ is ac- 
tually the total derivative of V with re- 
spect to ¢ along the solutions of the sys- 
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tem. Hence, V’<0 states that V isa 
decreasing function of ¢. 

The theorem mentioned is the proto- 
type of a series of analogous theorems by 
Lyapunov and others, concerning both 
autonomous avd time-dependent sys- 
tems.° =7,,,9).10 

For instance, the system 


b= Xe— xe? — a8, Le = — M1 — M122 — 2" 


presents only one point of equilibrium 
xy=%2=0. Letting V=%?+x2? yields 
V>0 and V’=—2(x«i2+a2)?<0 for all 
(x1, 22) (0, 0). Thus the origin is asymp- 
totically stable in the large. 

By means of the second method of 
Lyapunoy, A. I. Lure” has studied a wide 
class of regulated systems with one reg- 
ulating organ. For the sake of simplicity 
such a regulator is considered here, repre- 
sented by a differential system of the form 


by =—rststf(y), SH1,....0 


where y represents the regulator and f(y) 
a nonlinear function characteristic of the 
regulator, with f(0) =0, yf(y)>0 for y#0. 
Thus m=...=%n=y=0 is a position of 
equilibrium. If all constants 7s, by are 
supposed to be positive, then the condi- 
tion Dsb;/7s<1 assures the asymptotic 
stability of the position oi equilibrium; see 
reference 6, where f(y) is supposed to be 
of the form f(y)=gy"tgy"" +... 
m odd, g>0. 

Assume ¢ is a positive small constant 
and consider the differential equation® 


E=ex—x3 


The points of equilibrium are 0, +«, —e, 
and it can easily be seen that 0 is unstable 
while +e and —e are stable. A moving 
point displaced from the origin will remain 
within the interval [—e, +e] and, if 
pushed outside this interval, will return 
toward +e or —eatit+>+™. Since eis 
supposed to be small, the origin may be 
regarded as “‘stable’ for all practical 
purposes. Ate 7 

Consider instead the differential equa- 
tion :6 


¢=—ex+x8 


Again, 0, +e, —e are the points of equili- 
brium, 0 is stable, t¢ are unstable, and a 
moving point, pushed outside the small 
interval [—e, +] will approach either 
+o, or —© as t++o. Thus the 
origin, although theoretically stable, may 
be regarded as ‘“‘unstable” (for all prac- 
tical purposes). 

Even in such questions the considera- 
tion of a V function may be of interest, 
Assume for instance, that a function V can 
be found satisfying both conditions, 
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V>o, V’<o, in the whole phase spé 
except a small neighborhood U of t 
orgin, and with V+ © as ||xc]| > + 00 1 
Then there will be another neighbor) 
hood Uy of the origin, containing 
and which is assumed to be small 
such that the moving point x having del 
parted from Up will return toward Up ai 
j++o, In other words, the origin 
“stable” and even “stable in the largeg 
if small (although unpredictable) oscillel 
tions within a small neighborhood U 
the origin are disregarded. For instameq 
if a, € are positive constants, and € 
small, consider the system 


ty = — xo tae —ax3 
do =X +A ex. — 0X23 


Letting V=x1?-+22? yields V’= —2a(xy 
x24) +2ae(x1?-+-%2?). Outside the circle 
with center at the origin and radius 27 
there is 1/2e<max (EAP |2¢2|), and heneq 


— V' /2a =(x14-+204) — €f |ayj2-+|x2|2)> 
(x14-++-x24) —2e max ({x1|2, |xol: 


>(a14+x24) — max (als, |xco|4)> : 
(x14 =) (a4 Be | 


Then, outside U, V>0, V’<0, and V/ 
x12-+x22 must decrease. This implies thi 
a representative point x displaced iro 
the circle U will return toward U= Up} 
t-+o. Thus the origin may bet 
garded as ‘“‘stable,’”’ even in the larg 
small oscillations of amplitude less th 
4,/e around the origin are disregarded 
(A more detailed analysis would sha 
that the origin is unstable and the 4 
a stable cycle of small diameter.) Hi 
further discussion on the general subj 
of Lyapunov’s second method see refi 
ences 6 and 7. 


Periodic Solutions 


1. It may occur that an autonomas 
system ¢=f(x), x= (x1, ..., Xn), has $09 
isolated periodic solution (cycle), of se 
period T, or a family of periodic soluti¢ 
(cycles) whose period depends upon 1 
amplitude; or that a system ¢=f(%,/ 
with f periodic in ¢ of a given periody 
has periodic solutions whose domi 
terms are of period T (harmonics), 
period Tm (subharmonics), or of pé 
T/m (ultraharmonics), (m is an inte; 
More complicated situations also mi 
occur. The existence of these period 
solutions together with further import: 
information may be obtained witha 
solving the system. | 

For n=2 these existence theorems 
very general and apply as well to 
situations usually labelled as relaxati 
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sillations. They are usually given for 
he second-order Liénard equation. For 


general theorem of N. Levinson is perti- 
nent (see reference 2, p. 174). 

Consider the second-order autonomous 
lifferential equation 


fle, @)é+2(x) =0 (7) 


€., the system g=v, 5= —f(x, v)v—z(x), 
vhere f and g are continuous functions of 
heir arguments. Suppose that there are 
bositive constants a, m, M such that HG. 
)>m if both l-c| é, |o| =a, that f(x,v) > 
M for all x and v and f(0, 0)=0. Sup- 
pose that xg(x)>0 for all x0, and g(x) > 
EO, g(x)/G(x)>0 as x>+0, where 
7(x) =f g(u)du. Then there exists at 
east one nonconstant periodic solution of 
quation 7. 

For instance, consider the van der Pol 
quation ¢+y(x?—1)¢+«=0, where p 
s any positive constant. This equation 
egulates the oscillations of a rather typ- 
al feedback mechanism (e.g., a feedback 
ircuit with triode as exemplified in 
aference 2, p. 125). Here g(x)==x, and 
ence xg(x)=x?>0 for all «+0, g(x)—> 
© asx>+o; G(x) =x?/2, and hence 
x)/G(x) =1/2x—>0 as x>+ © ; f(x, v) = 
x?—1) > —y for all x and », and f(x, v) > 
>0 for all || >2 and all v. Thus, the 


ons of the theorem and the existence of 
cycle is assured, no matter how large 
he positive constant yw. [By other 
nalogous considerations (e.g. reference 2, 
143), this cycle is shown to be unique 
d asymptotically orbitally stable. | 

For the Liénard equation with a peri- 
lic forcing term e(¢) (see reference 2, p. 
76): 


f(x, &)e-+ge(x) =e(#) (8) 


he same theorem holds for the existence 
harmonics. In both situations further 
atements are known concerning the 
liqueness of the cycle or of the periodic 
lution, and evaluations of the ampli- 
de and of the period (in the autonomous 
se). In the situation described in the 
eorems mentioned, the periodic solution 
cycle already is certainly stable if it is 
lique. A great many theorems are 
mown concerning the Liénard equations 
land 8.738 

2. For n>2 a great deal of informa- 
bn is available for systems containing a 
aall parameter, say either of the form 


=Ax-+ef(x, «) (autonomous case) (9) 
of the form 
=Ax-+ ef(x, t, €) 


Jere ¢ is the small parameter, A a 


(10) 


he autonomous case the following quite . 


an der Pol equation satisfies the condi-. 


constant Xn matrix, and f(x, ¢, 6) 
periodic in ¢ of some period T=2z/u, 
Hee Oe Lal hes fin eta le 

For instance, if A is an nn constant 
matrix whose characteristic roots have 
negative real parts, if f(x, £) is continu- 
ous in its arguments, periodic in ¢ of 
pericd T, with bounded incremental ratios 
with respect to x1, ..., xn, and f(0, #) =0, 
and if g(t) is periodic in ¢ of period T, 
then the system 


&=Ax+af(x, t)+eg(t) (11) 


has an asymptotically stable periodic 
solution of period T (harmonic). (For 
this theorem, due'to A. B. Farnell, C. E. 
Langenhop, and N. Levison, see, e.g., 
reference 2, p. 94.) The reader may also 
refer to references 2, 3, and 8 for literature 
onthe subject. The well-known methods 
of B. van der Pol, N. M. Krylov, and N. 
Bogolyubov will not be discussed here. 

3. The author and J. K. Hale? 117” 
have developed an approach which has 
led both to existence and stability 
theorems for periodic solutions and to a 
practical process of successive approxi- 
mations for their determination. Here is 
a short examination of this process, and 
following it some of the existence theorems 
and applications to well-known differential 
problems. For more details on the 
process of successive approximations and 
applications, see the expositions in refer- 
ence 2 or the papers quoted previously. 
The method of successive approxima- 
tions is better described in relation 
to a differential system of the form 


y=Ayteq(y,t,e), V=(My.-:In)s 


G=(G.--.9n) (12) 


where ¢ is a small parameter, !e|<«, A an 
nXn matrix whose elements are con- 
stants, or continuous functions of e, and 
gan 1 Xn matrix whose elements are con- 
tinuous functions of y, ..., ¥n with 
bounded incremental ratios, and periodic 
functions of ¢ of period T=2z/w, in- 
tegrable in [0, 7] (or alternatively in- 
dependent of ¢ and then system 12 is 
autonomous). For the sake of brevity 
assume that A is a diagonal matrix A= 
diag(o1, ..., pn) where the numbers p; 
may depend on e, are continuous func- 
tions of «, and pj(0) = 17, =1ajw/b;, Qj, bj 
integers, bj>0, for j=1, ...,m,1Sm<n, 
and, if m<n, also p;(0) ¥ihw/b, b=bibs. .. 
bm, =~ —1, for allj=m+1, ..., 2, and 
eo) 231k SaEwe One may try to 
find a solution ‘‘close’’ to a solution of the 
linear system z’=A(0)z, of the form 


a(t) =(qe",. . ne, Oe) 


cj#0 constants. Let B=diag(in, ..., 
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17m, Pintle ters Pn), let o(t) = (1, ares bn) 
be any vector function of period 27b/w, 
and m[e’""¢,(t)|=c,, j=l, ..., m, where 
m ‘denotes'theusual-mean-value. Let y 
=F be the transformation defined by 


¥(2) = Flo(i)] =2(t) tee" "x 
{ql#(u),1,<]—D[d]o(u)}du (13) 


where D=diagg(di, o2..9¢n, 0) cee nO) ss 
the diagonal <n matrix defined by 


cjdy =m { e*™"qj[9(2),t,€]}, 7=1,....m 


Here e”’ is the »Xn diagonal matrix 
whose diagonal elements are exp(irjt), 
j=l, .:., m, exp pt, 7=m+l1, ..., , 
while e~*’ is the inverse of e?’ and can be 
obtained by changing ¢ into —# In 
equation 13 wy is a vector function y= 
(W1, ..., wn). For each component y,, 
j=l, ...,m, the integrand in equation 13 
is periodic of mean value zero and the 
integral denotes the unique primitive of 
mean value zero; for each component 
vj, j=m+1, ..., n, the integrand is of 
the form exp(—p,t)M(é), M(é) periodic, 
and the integral is the unique primitive 
of the same form For |e] sufficiently 
small, the method of successive approxi- 
mations 


y(t) =2(t), y* M(t) = Fly], 


k=0, 1,2, ... (14) 


converges toward a vector function y(é) 
which satisfies the functional equation 
y= Fly], ie., y(é) is the fixed element of 
the transformation ~Y=F[¢]. Also, y(é) 
satisfies the differential system 


y(t) =(B-— eD)y+eqy, t, €) 


with D=D[y]. Thus y(é) is a periodic 
solution of the given system 12 provided 
the relations hold (determining system) 


B-—e«D — Ar, or 4aj;/bj— 


ed;(a,-b, Ga, €)\= pj, 7=1,.. .,m) (15) 


The analysis of the functional trans- 
formation y= F[¢], or of the method of 
successive approximations, defined by 
equations 14 and of the determining 
equations 15, has given direct proofs of 
existence theorems, some of which are 
mentioned, with examples, subsequently. 

4. The following will discuss one of 
the existence theorems. Consider the 
real autonomous differential system 


4, +0;?x1 =fi(x, £, 7) 
Ej +2055 -+052x5 = of j(x, &, €), J=2,...,m 


Ej +Bjxj= ef;(x, £, €),f=m+1,....n (16) 


where 2<m<n, x=(x1, .. fn), =(%, 

..) Xm), fir ..-, fn ate continuous func- 
tions of their arguments with bounded 
incremental ratios, oj(«)>0, aj(e)>0, 
B;(e)>0 are continuous functions of e, 
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and we put o;(0)=w). Assume that for 
each j=2, ..., m either a,(0)>0, or 
a,;(0)=0, then kwp~o;(0), R=0, 1, .... 
In the existence theorem stated subse- 
quently a function of the real variable 
\>0 is needed which is denoted by 
P(X, wo, 0) and given by 


PO@,0) (70) Wo filko=! sin ot 01 aes 


0,A cos wt,0,...,0,0] cos widt (17) 


for every w, and T=27/w. The theorem 


states: 


If the equation P(\,w,0)=0 has a simple 
root for X=Xo>0, then the differential sys- 
tem of equation 12 has a cycle (periodic 
solution) of the form 


43(t,€) =A(e)o—(€) sin w(e)t+O(e) 


x3(t,¢) =O(e), 7=2,...,0 (18) 


for all ¢ sufficiently small and where X(e), 
w(e) are continuous functions of e« with 
(0) =o, w(0)=wo.® (See also reference 2, 
p. 128, and reference 11.) 


Under the same conditions of the afore- 
mentioned theorem the functions )(e), 
w(e) can be obtained by the numerical 
solution of a system of finite equations 
(the determining equations) of the form 


P(d,w,€) =0, 
w— eQ(A,w,€) =01(€), 


where the functions P(X, w, €), O(A, , €) 
can be obtained by the method of suc- 
cessive approximations which, at the 
same time, give approximations of the 
periodic solution. Here P(A, w, 0) is 
given by equation 17, and Q(A, w, 0) by 


Q(A,0,0) =(Tr)-Yfo filo sin wl,0,..., 
0,r cos wt,0,...,0,0] sin widé (19) 


Under the hypotheses of the same 
theorem the condition for orbital stability 
of the periodic solution 18 of system 16 
is very simple: The cycle 18 is orbitally 
stable for t>+ © provided 


So fixidt<0 (20) 
for j=1, and for each 7=2, ..., m, with 
a;(0)=0.14 Here f;;; means the partial 


derivative of f; with respect to ¢; where 
the arguments of f,;,; are taken along the 
periodic solution 18 for «=O. 

Note that all that is needed in the exist- 
ence theorem is P(A, w, 0) which is given 
by equation 17 by means of a quadrature. 
Furthermore, the computation of P(, 
w, 0) may be simplified by the following 
remarks. First, letting Z(x, %1) =f(x1, 0, 
..., 0, 41, 0, ..., 0, 0) and decomposing Z 
into its even and odd components, e.g., 
Z=Z,4Z.4+Z3+Z4, with Z; even in x 
and odd in #, Z, even in x; and x, Z3 odd 
in x, and #, Z, odd in x, and even in 
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#1, then P(A, w, 0) depends only on 21. If 


Z; is a polynomial 
Zi Seats h>0, k= 1 (21) 


then!! 


Pp 0)=2-2> (2h) (2k)! (2) +2k—-2 
(M00) = 22am er aIN Dai 


(22) 


For instance, consider again the van der 
Pol equation ¢+¢(x?—1)¢+x=0, where 
now ¢ is a positive parameter sufficiently 
small, Applying the theorems mentioned 
previously the system 12 is reduced to 
its first equation, ¢+-«=e(1—x?)%, hence, 
l=m=n, 7=1, w=1, fi=(1—x?)%, and 
the remaining hypotheses are automati- 
cally satisfied since there areno other equa- 
tions. Since f, is even in x and odd in , 
fi=Z=Z,, and Z; is a polynomial as in 
equation 21 with aji=0, dx=—1, ann=0 
otherwise. Hence from equation 22 we 
have P(r, wo, 0)=(1/2)(1—A?/4), and 
the equation P(A, w, 0)=0 yields \=2. 
Thus, according to the existence theorem, 
the van der Pol equation has a cycle 


x(t,€)=hw! sin (wt+7)+O(e), y arbitrary, 
Ne) =2+O(e), w(e)=1+O(e) (23) 


i.e., with amplitude close to 2 and fre- 
quency close to 1. Also, fi;=1—x?, the 
integral of condition 20 becomes 


Se" [1—(2sint)*]dt = —23<0 


and thus asymptotic orbital stability is 
assured. 

The expressions 23 could have been 
obtained also very easily by the first step 
of the method of successive approxima- 
tions defined by equations 14 (see refer- 
ence 2, p. 130). The second step of the 
same method gives (see ref. 2, p. 130): 


x(t,€) =w—(sin(wt +r) —(€/32)\3w 1 X 
cos 3(wt-+v)+O(e*) 


As a further example, consider the system 


of the van der Pol type of differential 
equations: 


Hy oy = (1 — x1? — x2”) + 
ef1(%1,2,42) ap €£1(%1,%0,%2,.¥2) Xo 
%o +2x2 == e( 1— xi? = X22) e or 


€fo( %1,41,%2) + €fo(2x1,%1,%2,02)x, (24) 


where to avoid computations, f;(—x, x2 
de)=—filer, X2. 2), fom, %1, —x2)= 


—fo(x1, #1, X2) is assumed. Applying the © 


theorem yields 2=m=n, o=1, og = 22, 
wy=1, and hence hoy =k X22 = op for all 
k=0, 1, .... The integral of equation 
17 where x; is replaced by \w7! sin wt, % 
by Acoswf, and x2,%_2 by zero, becomes 
the sum of three parts, of which the one 
concerning g; is zero since +.==0, the one 
concerning f; is zero since the integrand 
is odd in #, and thus 
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P(d,w,0) =(TA)-Yfo (1-20? sin? wl) 
cos? wtdt =(1/2)(1—?/4e2 


where T=2r/w. Forw=w=1,P=(1f2 
(1—A?2/4) and P=0 yields \=2. 
the system 24 has the periodic soluti 
(cycle) 


(1) m=) sin (wft+v)+O(e), 2 =O(6), 
w=1+O(c), A=2+H, 


By exchanging the office of the tw 
equations 24 we have 01=2"/?, 2=1, ap: 
2/2, and hence kup==h2/?~1= 0; fo t 
k=0, 1, ..... By replacing x2 by X 
sinwt, x2 by Acoswt, x, and % by 
the same expression for P results ¢ 
hence, for w=w=2)/2, P=(1/2)(1—A 
\=2%/2. It is concluded that the syste 
24 has also the periodic solution . 


(2) «1 =O(e), x2=d sin (wit+y), 
w=2/24-0(e), s=27/240 


By applying equation 20 it could easi 
seen that both cycles, 1 and 2, 8 
asymptotically orbitally stable for H 
+ ©. | 

One of the existence theorems 1% 
periodic solutions of systems of type 
will be mentioned below. It refer: 
real systems of the type 


where 1Sm<n, x=(x1, ..., Xn), = 

.., &n), the functions f; are contin 
in their space arguments and e, per 
of period T=27/w in ¢, and integrable2 
[0, T]. Assume that aj(e)>0, o;(€2) 
continuously differentiable functions | 


Bj o 52x05 = ef 7(x,a,t,€), 7=1,...,m, 


€jt+2ajtj+o72x7 = of j(x,%,t,0), 
j=m+l,...n 


..., m, and either a,;(0)>0, or a;(0)= 
o;(0) Zkw/bo, bo = dybo. : “One k=0,1; . | 
j=m+1, ..., n. Certain functions 
Q;, 7=1, ..., m, of A=(Ai, .- 
(1, ..., Om), w and e, will be needed v 
can be obtained by a process of succe: 
approximations. Nevertheless, in 
existence theorem which follows, 6 


which are given by the integrals 
Pi(d,8,,0) =(\Tbo™) [eos 0jSo."fiX 
cos ajbj 1wudu—sin 6 de oy 
sin ajbj— 
04(2,,0,0) =(AgTbo~)[—sin So. FX 


Td 
cos ajb;—udu—cos 8jS0 fix 
sin ajbj;wudu) ( 


first partial derivatives, though muck | 
is needed. The theorem states: 
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Gthe system of finite equations 


H(A,8,<20,0) =0, Q5(A,6,«0,0) = — 6 ;'(0), 
j=1,...,m 


Ws a solution A= Xo, =6 and the Jacobian 
the Pj, Q) with respect to d, 0 at A=, 
% is not zero, then the system 25 has a 
iodic solution of the form 


te) =hja4— 1B jw sin (ajbj wt +6;)+O(e), 
=. an 


te) =O(e), j=m+1,...,n (27) 


all ¢ sufficiently small, where d(e), 6(e€) 
continuous functions of e with \(0)=2o, 
)) = 6.241,18 


e functions \(e), 0(€) are given by the 
termining equations 


X,0,w,€) =0 


03 tw — €0,(0,0,w,€) =0,(€), 7=1,...,m 
(28) 


Note that for « small the periods T;= 
6;/a;. of the dominant terms of the 
mponents x,(f, «) of the periodic solution 
are close, but not necessarily equal, 
the periods 27/0;(e) of the free oscilla- 
ms of the harmonic oscillators #,+ 
faxj;—0, j=1, m. Thus the 
ermining equations 28 state that the 
Sriod of the oscillations of the whole 
stem 25 is ‘‘locked’’ with the one of the 
ernal forces. This is the well-known 
enomenon of entrainment of frequency, 
pical in nonlinear resonance. 

In the theorem just mentioned the case 
th all aj=b;=1 corresponds to har- 
pnic oscillations, and the case with a;>1, 
=1 to subharmonic oscillations. 
eorems of stability analogous to the 
es mentioned have been recently proved 
a. K. Hale.14 

means of the described theorems 
id using the same general method, Hale, 
mbill, and Bailey’?1*1” have dis- 
ssed in detail, the harmonic, sub- 
monic, and ultraharmonic solutions 
existence and stability of a number of 
ations and systems of equations as, 
instance, the following ones: 


4 @+ 67x =B cos 2wt tea cos 2uwt.«+ebx? 


@+0 = e1—x?")¢+ euw cos (wt+a) 


#+ 62x = elax+bx cos 2wt-+ex3 + 
dx*tz+ex cos 2ut] 


& + 01'x) = e a— Bx2”)ti +p cos t, 
B+ o9?x2 = (V — 6x1”) t2-+Q cos 2t 
- further theorems and other applica- 


ns of the same method see references 
nd 11-17. 


es of Periodic Solutions 


By the same method developed by 
author and J. K. Hale mentioned pre- 


TEMBER 1961 


viously, it was possible to prove the 
existence of large families of periodic 
solutions (or cycles) for differential sys- 
tems presenting convenient symmetries. 
Consider, for instance, an autonomous dif- 
ferential system of the form 


%j 7x7 = ef (x,4,€), J=1,...,m, 


xj = ef ;(x,4,€),7=u+1,...,0 (29) 


where € is a small parameter, «= (x1, .. 23 
Xn), £=(d1,'..., du), and the functions f; 
are continuous with bounded incremental 
ratios with respect to each of their argu- 
ments. Assume that fi(0, x2,...%n, 0, #2, 

.., éu, €)=0, and that all f are odd in 
the veutor, (xijbe cg x,). Let ».0;(<)>0; 
mo;(0)#w for all j=2, ..., wu, and m= 
0, eam a where w= 01 (0). 
states :11:12,16 


Under these conditions, for all ¢ sufficiently 
small, the system of equations 29 has a 
family of periodic solutions, depending upon 
n—u+2 arbitrary parameters )i, 71,,..., 
Nn—H, Y, Of the form 


x1(t,€) =Nw! cos (wt-+y)+O0(e) 
x4(t,¢)=O(e), 7=2).. pe 
xy(t,e) =nz_utO(e), J=M+1,...,n 


where the period 27/w is a continuous func- 
tion of ¢, Au,m1,.-., Mn—p, and w(0,A1,m,..-, 
1n— pw) = @o. 


(30) 


An analogous statement holds if f, is 
even and fj, 7=2, ..., mw, are odd in 
(x2, ..., Xp, %1) where cos(wt+-) is re- 
placed by sin(wt+) in equation 30. 

Consider, for instance, the equation 
é+x=elz|x, with e>0 small. Here 1= 
p=n, fi=fi(x, 4)=|alx, and f, is odd in 
x, and f(0, 0)=0. Thus this equation 
has a family of periodic solutions of the 
form x=dw™ cos(wt+y)+O(ce), w=(A, 
e), w(A, 0)=1, A, vy arbitrary. (Note 
that f; is also even in ¢, and hence the 
same periodic solutions can be written 
also in the form x=)Aw™! sin(wity’)+ 
O(e), \, y’ arbitrary.) 

As a further example consider the sys- 
tem ¢tx=e(1—|yl)x, J+2y=e(1—|z])y, 
with «>0 small. Here 2=y=n, o=1, 
Oo=22, moo=m2”?A~ 1=o, for all m. 
Also, f(x, 9, 4, 9)=(1—[g))x, ee 9, #3) = 
(i—|a|)», both f and g are odd in (x, y) 
and f(0, v, 0, 3)=0. Thus this system 
has a family of periodic solutions of the 
form x=dw! cos(wity)+O(e), y= 
O(c), o=w(A, €), w(A, 0) =1, A, ¥ arbitrary, 
of frequencies close to 1. By exchanging 
the office of the two equations, we have 
o=2'/2, g9=1, mos=m2'/2= «, for all 
m=0,1,..., bothf and gare odd in (x, ¥), 
and g(x, 0, %, 0)=0. Thus the same 
system has another family of periodic 
solutions of the form x=O(e), y=Aw 
cos(wi+y)+O(e), w=, €); «(A,0) = 21/2, 
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The theorem 


A, y arbitrary, of frequencies close to 2!/2, 

The last-mentioned theorem, and 
others,416 show the possibility of mani- 
folds of periodic solutions not much dis- 
similar to those which are well known in 
the linear case. 


Almost Periodic Solutions 


It is known that if A is an Xn con- 
stant matrix whose characteristic roots 
have all negative real parts and f(t) is 
an almost periodic function (input) then 
the linear differential system 


&+Ax=f(t) 


has one and only one solution (output) 
which is almost periodic and asympto- 
tically stable. This is true to some degree 
for nonlinear systems containing a small 
parameter. For instance, if f(x, #, 6), 
g(x, £, €) are continuous vector functions 
in x with bounded incremental ratio with 
respect to each space variable, and they 
are almost periodic in ¢, with f(0, t, 6) =0 
g(x, t, 0)=0, then the nonlinear differ- 
ential system 


t+Ax=f(x,t,e) +2(x,t,¢) 


has a stable almost periodic solution.?"1 

The case where the matrix A has some 
zero or purely imaginary characteristic 
roots is more difficult and it will not be 
discussed here. Instead a type of re- 
search will be mentioned which has had a 
remarkable development in the last 10 
years. It concerns the interaction of 
periodic phenomena of different periods, 
generally in irrational ratio. 

Assume that a physical system S is 
regulated by a nonlinear differential sys- 
tem «= F(x) which has a stable periodic 
solution (cycle) x«=4(#) of some period T 
and thus S has free oscillations of that 
period. Assume that the system is 
perturbed and that the perturbed system 
S’ is regulated by a differential system 


&= F(x) +G(x,t) 


(31) 


(32) 


where G is a smooth function of its argu- 
ments, and is periodic of some period T’¥ 
T. A theorem of Levinson® states: 


If «=¢(t) is a strongly stable solution for 
the unperturbed system, then the perturbed 
system (equation 32) has, for all ¢ sufficiently 
small, a stable manifold (torus) of solutions, 


Under these conditions, the manifold 
is covered by solutions which, in general, 
are not periodic but almost periodic, 
and each one passes as close as is desired 
to each point of the manifold. In the 
phase space x we may see these solutions 
as “‘close’’ to the unperturbed periodic 
cycle x =¢(f) as we want for « sufficiently 
small. Each of the new solutions, com- 
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pared with the other solutions on the 
manifold, is quite unstable. On the 
other hand, the manifold as a whole is 
stable, and a representative point, not on 
the manifold, will return toward it as 
t++o, The structure may be con- 
sidered ‘‘stable”’ for all practical purposes. 
Strong stability in Levinson’s theorem 
means that all but one of the character- 
istic exponents of the usual linear varia- 
tional system for x=¢(f) have negative 
real parts. For instance the equation, 
#4+3(x2?—l)t+x=e sin+/2, for | €| suffi- 
ciently small has a torus of almost periodic 
solutions, close to the stable cycle of 
the van der Polequation #¢+3(x?—1)4+ 
x=0. (Compare with section ‘Periodic 
Solutions”’ of this paper.) 

Levinson’s result has been widely ex- 
tended by Russian authors, particularly 
Bogolyubov and Mitropolskii,’® who have 
taken into consideration the case of G(x, t) 
almost periodic in ¢, or presenting an 
arbitrary behavior. An improved for- 
mulation of their result is contained 
in a recent paper by Hale.” These 
theorems show the possibility of mani- 
folds of solutions (invariant manifolds). 
These manifolds are of practical interest 
only if, in some sense, they are stable. 
The inherent relevant concept of stability 
is not easy to state and there are several 
degrees of stability which may be of 
actual interest. Research has been done 
on this subject and very simple criteria 
for stability have been given recently by 
Hale and Stokes.*! 
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Synopsis: This paper introduces a tech- 
nique for the synthesis of nonlinear discrete- 
data control systems to fulfill an optimal 
performance criterion. The synthesis pro- 
cedure is developed by use of the state- 
transition method. Digital compensation 
is designed for the nonlinear system to have 
deadbeat performance. The technique pre- 
sented permits the use of a digital computer 
to carry out the design of optimum control. 


URING the past decade, many 
techniques have been developed for 
the analysis and design of discrete-data 
control systems.1~* Practically all the 
design methods are derived on the basis 
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of linearity. Digital control systems of 
many types and with very real practical 
interest tend increasingly to require the 
use of nonlinear equations in their mathe- 
matical description, in place of the much 
simpler linear equations which have often 
sufficed in the past. Nonlinear sampled- 
data control systems have been analyzed 
by several approaches.4~§ Known tech- 
niques for analyzing such nonlinear sys- 
tems are limited essentially to three: the 
describing-function method, the phase- 
plane method, and numerical methods. 
The describing-function method, when 
applied to a system containing a nonlinear 
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element and a sampler, is generall 
limited usefulness. The method of pk 
plane analysis has more pertinent ap] 
tion but is limited, practically to pl 
with a second-order transfer fune 
The numerical methods would invoi 
fair number of computations, althoug 
complexity of the plant imposes no lif 
tion. 

Because of the difficulties with nonliriy 
problems, little work has been doneé 
the synthesis of nonlinear digital 
sampled-data control systems. 
has presented an interesting papef?’ 
compensation of saturating sam 
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control systems. His design pro- 
dure is straightforward but lengthy. It 
olves a certain amount of guesswork, 
d would face some difficulties when 
plied to complex systems with other 
nlinearities than idealized saturation or 
niting. This paper introduces a simpler 
d more systematic method for the syn- 
esis of nonlinear discrete-data feedback 
ntrol systems to meet an optimal per- 
mance criterion. The development 
the synthesis procedure makes use of 
atrices and the state-transition tech- 
que.°~12 Digital compensation is de- 
ned for the nonlinear system to have 
adbeat performance. This technique 
zy also be used to design nonlinear con- 
bl for the compensation of linear and 
mlinear systems. 


ate-Transition Analysis 


Analysis and synthesis of linear con- 
bl systems may, generally, be carried 
t from two major approaches. One, 
= commonly used block diagram ap- 
9ach, involves the determination of the 
nsfer characteristics of the system 
mponents and the over-all transfer 
aracteristic. The other is based upon 
= characterization of a system by a 
Hmber of simple first-order differential 
jations describing the state variables, 
h the initial conditions given by the 
e-transition equations. This is 
aally carried out with a state-variable 
ram and may be referred to as the 
fe diagram approach. 
While the block diagram approach is 
herally limited to the design of linear 
stems, the state diagram approach may 
extended to the synthesis of certain 
des of nonlinear systems. To familiar- 
interested readers with this method of 
alysis and the terminology to be used in 
development, a brief review of the 
te-transition technique is presented 
follows. 
A linear system can be described by a 
of first-order linear differential equa- 
ms, which may be expressed in vector 
| as 


=|[4|| vn) (1) 


re A\=t—nT and OXAST. Equa- 
n 1 is often referred to as the state 
ferential equation of the system; 
-a column matrix for the state variables 


ind y 
* 


(2) 


referred to as the state vector. The 
and the system state variables are 


an 
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denoted by x and y respectively, The 
initial conditions for the state differential 
equation may be given in vector form as 


v(nT +) =||B||v(nT) (3) 


This equation, which describes the 
transition of the system state variables 
at the sampling instants, is referred to 
as the state-transition equation. Both 
||A]| and |B] are square matrices and 
can be written down by inspection of the 
state diagram of the system. The state 
diagram is essentially the same as the 
analog computer simulation diagram for 
the system, which is made up of integra- 
tors, summing amplifiers, potentiometers, 
samplers, clamps, and simple delay ele- 
ments.! 


Taking the Laplace transform of 
equation 1 gives 
sV(s)=|| Al] V(s)+v(0+) (4) 


Rearranging yields 
v(s)=||s1—Al] v(0*) (8) 


Taking the inverse transform of equa- 
tion 5 yields the solution to the state 
differential equation as 


v(X) =||4|]v(0 +) (6) 


where ||¢|], defined as the transition 
matrix of the system, is given by 


||| =e*=2-\(||s7—4]]>) (7) 


Equation 7 provides a formal way of 
determining the transition matrix, How- 
ever, it can be found by ashort cut. The 
elements of the transition matrix may be 
determined readily by inspection of the 
state diagram of the system. 

In terms of ¢, equation 6 becomes 


v(t) =||¢(¢—nT)|| (nT *) (8) 
Combining with equation 3 yields 
v(t)=||e(t—nT)| || Bl] vn) (9) 


which describes the system behavior dur- 
ing the interval nT ZtZ(n+1)T. Thus, 
at t=(n+1)T 


vn+1T)=||¢(7)]| ||Bll vn) (10) 


This is a recursion equation from which 
the values of the state variables at the 
sampling instants can be computed. 
Equations 9 and 10 provide the complete 
solution for the system performance. 


Development of the Method 


Consider the nonlinear sampled-data 
control system shown in Fig. 1(A). G(s) is 
the transfer function of the linear part of 
the plant; J is the transfer characteristic 
of the nonlinear element of the plant; and 


Yp Yo Vi 


Fig. 1. of discrete-data 


Representations 
control system 


A—Block diagram 
B—State diagram 


D(z) is the digital controller to be deter- 
mined. A zero-order hold is used as a 
data-smoothing device. This nonlinear 
system is designed for performing with 
deadbeat response to a step-function in- 
put. 

The block diagram is redrawn as 
shown in Fig. 1(B), with the position of D 
and the clamp interchanged and the G(s) 
described by its state-diagram representa- 
tion. Let the signal output of the clamp 
be m, which is the clamped-error signal. 
The state vector of the system is given 
by 


X11 


Ay 
m 


(11) 


v= 


in which 


Yo 
is the vector for the state variables of the 
plant; j,) 42) oye Lhe plantas 
assumed to be of the pth order and is 
described by ~p state variables. The 
symbol y; also represents the output of 
the control system. The input to sys- 
tem 4; is assumed to be a step function. 


VARIABLE GAIN CONCEPT 


The required digital controller and the 
system nonlinear element may be treated 
as a unit of variable gain Ky, and will be 
called the D-N combination. The vari- 
able gain Ky will have different values 
during different sampling periods; it is 
also dependent upon the characteristic of 
the nonlinear element V. The input to 
the D-N combination is m and the 
output is m). At any sampling instant 
t=nT*, and m2 and m are related by a 
constant K,; thus 


m(nT*)=Kym(nT*) (12) 
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Fig. 2. Asymmetrical nonlinearity 


Kn is the gain constant of the D-N com- 
bination during the (n+1)th sampling 
period. 

Based upon the above argument, the 
transition matrix || || of the system is ex- 
pressed as a function of the variable gain 
Kn, and will have different values at 
different sampling instants. From equa- 
tions 3 and 10 it is obtained that at »=0 


v(0*)=||B||v(0) (13) 
v(T) =||¢0||v(0*) (14) 


Since both ||BI| andv (0) are known, 
v (0+) is defined, and 


m(0*)=2,(0*) (15) 


The transition matrix ||do|| is a function 
of Ko. If m (0*) exceeds the saturation 
limit of the nonlinear element, Ky should 
be equal to the maximum allowable value 
of the variable gain Ky during the first 
sampling period. Thus 


_ m{0*) 
ee x1(0*) oy 
where mz (0+) is given by the saturation 
limit of the nonlinear element. At »=1 
v(T*)=||B||v(T) (17) 


from which the value of m (T+) can be 
computed. 


v(2T)=||¢||v(7*) 


where ||¢u|| is a function of Ky. If m(T+) 
is greater than the saturation limit, Ky 
should be equal to the maximum allow- 


(18) 


able value of Ky during the second. 


sampling period. A, is then given by 
the ratio between the saturation limit 
and m(T*). 
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At n=2 

v(2T*) =||B||w(27) (19) 
v(3T)=||¢l|v(2T*) (20) 
where ||¢e]| is a function of Ke If m 


(2T+) exceeds the saturation limit, Ke 
may be determined in similar fashion. 
However, if m(2T*) is less than the sat- 
uration limit, the determination of Ke 
calls for other conditions for deadbeat 
performance. It can readily be shown 
that the system error will be zero for 
t>kT, if 


y( kT) =x(RT) (21) 
and 

yo RT) = yx( RT) =... ¥p(RT)=0 (22) 
where yi(RT), yo(RT), yp(RT) are 


functions of the successive constants of 
the variable gain Ky, and can be derived 
from 


VET) =||$4-1||v(k—1T*) (23) 


Hence, the successive constants for Ky 
can be obtained by solving equations 21 
and 22. 

Now, the input and output signals of 
the D-N combination are completely 
determined. The z-transforms of these 
two signals are 


M(z)=m(0+)+m(T+)273+ «2. + 
mkT+)z * (24) 


M.(z)= Kom(0t)+Kim(T*)2-3+...+ 
Kym(kT+)z * (25) 


The z-transform of the input signal to 


the nonlinear element follows from 
equation 25: 
Mi(2)=ao+ay2-!+... azz * (26) 


Since az, and Kym(kT*) are the input 
and output of the nonlinear element, 
the coefficients a;’s can be determined 
either analytically or graphically. There- 
fore, the required digital controller for 
deadbeat response is given by 

k 

Daye? 


ip aa (27) 
YimGT*)e4 
j=? 


The above development of the synthesis 


Fig. 3. State dia- 
gram of the illustra- 
tive example 
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technique is best illustrated by oe 
examples, which are given in the fi 
ing section. From the —“ 
noted that the settling time of t 
trol system depends upon the orde 
the plant as well as the nonlinear ch 
acteristic. The presence of saturation 
limiting may cause a longer settling ti 


Synthesis Procedure 


Based upon the technique just 
veloped, the synthesis of nonlinear « 
crete-data control systems can be carr 
out systematically in four major steps 


1. Draw the state diagram of the oa 
with the desired digital controller and | 
nonlinear element represented by a vati¢ 
gain Ky, and determine the tra si 
matrix and the B-matrix of the systen 
inspection of the state diagram. | 


2. Evaluate the input signal to the # 
combination from the transition matri q 
the B-matrix by using equations 3 
and determine the successive values of 
variable gain Ky to satisfy the re 
ments for deadbeat performance. a ° 


3. Compute the output signal of th 
combination from the results of step | 
evaluate the input signal to the n 
element, analytically or graphically. .| 


4, Determine the pulse-transfer func: 
D(z) by use of equation 27. 


This synthesis procedure can also 
applied to the design of digital contro: 
for multirate, variable-rate, and fit 
pulse-width sampled-data control syst! 
containing nonlinear elements. 


Illustrative Examples 


To illustrate the synthesis procedi 
several numerical examples are preser 
in the following. 


EXAMPLE 1, ASYMMETRICAL 
NONLINEARITY 


1/s (stl). The nonlinear charaa 
istic is reproduced as shown in 


The sampling period is one a 


Zero initial conditions are icine 

The state diagram of this syster 
drawn in Fig. 3. Inspection of the ¢ 
diagram yields the transition matrix 


1 90880 0 i 

ok 
ee ; ; l-—e“ K,(0- ite 1 
OV0s Oo 


and 


0 0 
0.632 0.368K, 
0.368 0.632K,, 
0 1 


)=[Bl|v(0)=|]1 0 0 4)’ 


h gives m(0*)=1. The symbol || ||’ 
gnates the transpose matrix. Since 


0.0 0 
_|]0 1 0.632 0.368K, 
“(0 0 0.368 0.632K, 
00 0 1 


)=|[¢0||v(O+)=||1 0.368K, 0.632Ky 1’ 


*)=([Bllv(7) 
[|1 0.358K) 0.632K) (1—0.368K,)||’ 


ilarly, for n=1 


)=|I dl w(7+) 
1 
_ ||0.768Ko+0.368(1—0.368K,)K;, 
~ ||0. 232K +-0.632(1—0.368Ky) Ky 
1—0.368K, 


or the system to perform with dead- 
response, the following conditions 
- be fulfilled: 


1) =0.768K)+0.368(1—0.368K))K,=1 
[) = 0.232K)+0.632(1 —0.368K,)Ki=0 


ving these two simultaneous equa- 
S gives Ko=1.58 and K,=—1.38; 
m(T*) =1—0.368Ky=0.418. 

e input and output of the D-N 


. 


bination are 
)=1+0.4182-1 
)=1.58—0.5772-1 


aking use of Fig. 3, the input to the 
near element is found to be M;(z) = 
—0.6362"1. Hence the pulse-trans- 
unction of the desired digital con- 
et is given by 


_ 1,092(1 —0,5822-1) 
~ (1+0.4182-1) 


ne Output of the compensated system 
btted in Fig. 4, which reaches steady- 
! without overshoot in two sampling 


MPLE 2, SATURATION 
DNLINEARITY 


mnsider the nonlinear sampled-data 
1 system of Fig. 1(A) with G(s)= 


1/s(s+1) and nonlinearity shown in 
Fig. 5(A). The sampling period is as- 
sumed to be one second, and the input is 
a step function of two units. This is the 
same example considered in reference 9, 

The transition matrix and the B- 
matrix have been found in example 1, 
For 2=0 


v(0+)=||Bl|v(0)=|[2 0 0 all’ 
and 

m(0*)=2 

Since 

m(0)*)>1, m(0+)=1 and Ky=0.5 
Thus 


1 OG, 0 

ll¢ul| = OE 0°32" 0-184 
0 O 0.368 0.316 
OR OO 1 


v(T)=||2 0.368 0.632 2l\’ 
v(T+)=||2 0.368 0.632 1.639||” 


which gives m(T*)=1.632. Since m(T*) 
>1, m(T*)=1 and Ki=0.612. Hence 


1 Or 0 0 
lo[ =| 2 9-682 0.225 
*l=ll9 09 0.368 0.387 
000 1 
Por 7= 1 


v(2T)=||2 1.1385 0.864 Ql|’ 
v(2T+)=||2 1.185 0.864 0.865||’ 
m(2T +) =0.865 


Since m(2T*) is less than one, Ky must 
be determined from equations 21 and 22. 
For 1=2 


2 
_|/1.681+0.318K, 
ED 0.318+0.547K> 
0.87 
and 
2 
v(37t) =| -O81+0.318K: 


0.318+0.547K2 
0.319—0.318K> 


Similarly, for n=3 


v(4T) 
2 
1.882+0.664K.+0.117(1—Ke)Ks 
> }0.127+-0.201.K5-+-0.201(1— Ka) Ks 
0.319—0.318K2 


Conditions for deadbeat performance are 
1.882+0.664K2+0.117(1—K2)K;=2 
0.117+0.201K2+0.201(1—K2)K3;=0 


These two simultaneous equations have 
the solution 
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OUTPUT 
5 


o 
a 


TIME IN SEC 


Fig. 4. Step-function response of example 1 


A—Uncompensated 
B—Compensated 


(8) 


Fig. 5. B— 


A—ldealized saturation curve, 
Saturation curve 


Ke=0.341 and K;= —1.41 


Hence, the input and output of the D-N 
combination are 


M(z)=2-+ 1.6322—-!+-0.866z-?+.0.2102-3 
M2(z)=1+271!+0.2952-2—0.296278 


Since the element JV is linear between the 
saturation limits, M,(z)=M2(z). There- 
fore 


0.5(1-+-2 1+0.2952-1—0.296z-3) 


= 0.81624 0.4382 +-0.1058-9) 


The step-function response of the com- 
pensated system is plotted in Fig. 6, 
which reaches the steady-state without 
overshoot in four sampling periods. 
This checks with the results obtained by 
Mullin, but the foregoing synthesis pro- 
cedure is simpler and more systematic. 

Now, consider a nonlinear element char- 
acterized by the more realistic curve of 
Fig. 5(B), which has the same saturation 
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OUTPUT 


3 4 
TIME IN SEC 


Fig. 6. Step-function response of example 2. 
Unit step inputs: A—2.0. B—1.5. C—1.0 


limits as the idealized curve of Fig. 5(A) 
but is nonlinear between the saturation 
limits. The input and output of the D-NV 
combination remain unchanged. But 
the input to the nonlinear element is 
changed to 


My(z)=1-+21+0.123 


Therefore the required pulse-transfer 
function is 
0.5(1+27+0.12-2—0.1z274) 
(1+0.8162-1+-0.4332-2+-0.1052~*) 


D(z)= 


The output of the compensated system 
in response to the specified step-function 
input is the same as the system with 
idealized saturation nonlinearity. It is 
observed that the deadbeat response 
depends upon the magnitude of the 
step input and the saturation limit; 
however, the nonlinear characteristic 
between the saturation limits has no 
influence upon the output of the com- 
pensated system. 


EXAMPLE 3, LINEAR SYSTEM 


The synthesis procedure developed in 
this paper can be applied to linear sys- 
tems as well. As an illustration, the 
system of example 10.3-1 in reference 1 
is designed by this variable-gain approach. 
The plant of this system has a transfer 
function G(s)=10/s(s+1). The system, 
incorporated with a zero-order hold, 


samples with sampling period equal to one | 


second. 

With the desired digital controller D(z) 
represented by a variable gain Ky, one 
derives the transition matrix and the 


Discussion 


H. C. Torng and W. E. Meserve (Cornell 
University, Ithaca, N. Y.): The authors 
are to be commended for their lucid presen- 
tation of a systematic and powerful tech- 
nique for the synthesis of nonlinear discrete- 
data control systems by using the concept 
of variable gain. 
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B-matrix by inspection of the state 
diagram of this system: 


PONS 0 
0 1 0.632 3.68Kn 
lDI=\9 9 0.368 6.32Kn 
0 0 0 1 
fOr a0 | 
05 Bs fownG 
Sl=lo oe a0 
1 -1 0 0 
For 1=0 
v(T)=||1 3.68Ky 632K, 1\|’ 


w(T+)=||1 368K) 6.82Ky) 1—3.68Kol|’ 
For 2=1, 


1 
7.68Ko+3.68(1—3.68Ko)K; 
2.32Ko+6.32(1—3.68K0)Ki 
1—3.68Ko 


v(2T)= 


For the system to meet the specified 
requirements,’ the following conditions 
must be fulfilled: 


7.68Ko+3.68(1—3.68Ko)Ki=1 
232K )+6.32(1—3.68Ko)Ki=0 


- The solutions of these two simultaneous 


equations are Ky>=0.158 and K,= —0.138. 
Thus 

mT +)=1—3.68K)=0.418 

m,(0*)=0.158 m (T+) = —0.0578 

The desired pulse-transfer function is 


0.158(1 —0.3682~) 


Ds) =~ G-£0.Ai8e=1) 


This checks with the result of reference 1. 

The above method of synthesis provides 
an alternate approach; it, again, appears 
simpler and more systematic. 


Conclusions 


The development of the design tech- 
nique described in this paper is based upon 
the variable-gain concept. The digital 
controller and the nonlinear element are 
represented by a variable gain Ky in the 
state diagram of the system. In carry- 
ing out the design, use is made of the 
powerful state-transition technique. 
This synthesis procedure is simple and 
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We would like to point out that, in syn- 
thesizing a linear discrete-data system to 
have a deadbeat performance, the designer 
can determine the settling time by simply 
examining the number of zeroes of the pulse 
transfer function of the plant and the char- 
acteristic of the test input. It seems to 
us that this will not be the case in a nonlinear 
situation. 

The simultaneous equations to be solved 
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systematic, involving four major st 
which can be programmed on a dig 
computer for the peas of opt oC 
trol. 
As illustrated in the preceding sec 
this technique also provides a simpler a 
more systematic approach to the sy 
thesis of linear discrete-data contro 1 i 
tems. Furthermore, this unified 
proach can also be used to synthe 
nonlinear multirate, variable-rate, 
finite-pulsed systems, and to design 
linear control for the compensat 
linear and nonlinear systems. Al 
only the deadbeat-response criterion 
been considered, the variable gain a4 
proach and the synthesis procedure 
be extended to the design of non 
control systems with other spectf¢ 
performance criteria. . 
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to determine the variable gains af 
linear. We would like to know wh 
solutions with real values are pulley 
each case, because any solution invol 
complex numbers will render this app 
useless; or, is there a solution at all? 

In using this technique, the designs 1 
to be alert to check a possible solution 
-each step because any delay will mea 
more costly compensator. 


i 
+ 
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As the examples in the paper are for a 
oud-order plant, only two equations are 
olved. Ina higher order plant, the task 
finding the solution of a set of nonlinear 
aultaneous equations is quite formidable. 
e would like to know whether the authors 
ve tried any higher order systems. 


us T.Tou: We wish to thank Professors 
mug and Meserve for their discussion. 
ey are correct when they say that the 
signer cannot determine the settling time 
simply examining the transfer function 
the linear portion of the plant. In fact, 
= settling time is dependent upon the 
ure of the nonlinearity preceding the 
eat plant. Saturation nonlinearity will 
ally cause a longer settling time because 
the limited amount of energy contained 
the control sequence. As illustrated by 


the three examples in the paper, for the 
second-order linear system the step-function 
response settles in two sampling periods, as 
expected. When the nonlinearity is of 
the nature shown in Fig. 2, the response 
also settles in two sampling periods. How- 
ever, when the saturation nonlinearity is 
present, the response will settle in four sam- 
pling periods. Although there is no simple 
way to determine the settling time by inspec- 
tion of the plant transfer function, the 
settling time can readily be found from the 
given nonlinearity and the transition matrix 
in the process of determining the variable 
gain. The settling time is given by the 
number of variable gain constants K, to be 
determined. 

It is quite correct that the simultaneous 
equations to be solved to determine the 
variable gains are not linear. However, 
it should be noted that these equations are 
always in forms that can easily be reduced 
to linear expressions through — elimina- 
tions, as illustrated by the three examples in 


. LUMINUM-CLAD | aluminum-sili- 
con-alloy bonded nuclear fuel ele- 
nts are fusion-welded over the exposed 
ed joint to assure a watertight clo- 
e. As is common with some brazed 
nts, there are porosities and pipes in 
braze which may provide a path for 
cooling water to attack the uranium 
tal. Work with the fusion welds 
disclosed that the braze metal was 
alloying with the cladding into a 
nogeneous weld alloy. In many in- 
aces the braze metal was continuous 
m the parent braze metal to the surface 
the weld. Within limits of normal 
ding speeds but a very small change in 
ying occurred with changing welding 
ed. Current programming was de- 
ble to improve weld quality. This 
trolled the weld width as the weld 
gressed and raised the temperature of 
metal to be melted. The welding 
ver supply in use had a manually oper- 
| mechanical current control which 
Id not be readily converted to current 


welding power supply with a remote 
tric current control was tried. The 
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aveshape Effect on Alloying and Arc 
Stability of A-C Tungsten 
Inert-Arrc Welding 


THOMAS B. CORREY 


MEMBER AIEE 


technique used for the original power 
supply was applied, and the alloying 
which resulted was very inferior. Al- 
loying equal to the original unit could not 
be produced with any technique. 

From current waveshape and arc 
voltage studies of the two units, it was 
found that the original unit produced a 
sine wave of current, and the new unit a 
sine wave with a 180-degree out-of-phase 
third harmonic. In addition, the cur- 
rent was not stable with the latter unit. 
A study of the power half-cycles of each 
unit indicated a much longer period be- 
tween the power pulses for the out-of- 
phase third harmonic sine current wave 
than for the sine wave. The difference 
in the spacing of the power pulses indi- 
cated that the temperature gradient in 
the welds was much higher with the out- 
of-phase third harmonic current wave. 
From this it was concluded that if the 
temperature gradient in the weld be- 
tween half-cycles could be held at a more 
constant value, the weld alloying could 
be improved. 

In a study of current waveshapes from 
the out-of-phase third harmonic to a 
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the paper. It is true that for a physical 
system the variable gains must be real num- 
bers. Any solution involving complex or 
imaginary numbers does not make this 
approach useless, but it means that the dead- 
beat performance is unattainable with 
the given control scheme. Since this is a 
synthesis technique and the solution is 
unique, we do not think the designer has to 
worry too much about any delay in carrying 
out the synthesis procedure. As to the last 
question, we feel that the best way to clarify 
theoretical developments is to illustrate by 
simple examples. That is why only second- 
order plant has been considered in this 
paper. If fact, we have tried successfully 
to design the digital controller for a non- 
linear system with third-order plant. 

In conclusion we wish te emphasize the 
fact that although the paper is entitled 
“Optimum Control of Nonlinear Discrete- 
Data Systems,” the technique proposed 
actually provides a novel way of designing 
nonlinear feedback control systems. 


Square wave, it was found that as the 
waveshape changes toward a square 
wave, the alloying improves, Also, for 
the same rms sine wave of open-circuit 
voltage and argon shielding gas, the out- 
of-phase third harmonic current wave 
required continuous superimposed high 
frequency to maintain the arc with the 
alternate half-cycles of current not of a 
uniform value, while the square wave 
maintained a uniform current without 
superimposed high frequency. 


Electric Arc Phenomena 


The electric arc is a complex phenom- 
enon. In arc welding very few of the 
phenomena do not affect the welding and 
very few are not of major interest.} 
Are welding of all types employs a high- 
pressure arc, starting essentially ata point 
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Fig. 1. 


and ending on a plane. The point-to- 
plane arc is a plasma jet, the velocity 
of which is determined by the diameter 
of the electrode, irrespective of the 
polarity or electrode material.? The 
polarity of the point-to-plane are deter- 
mines its shape and thus the heat con- 
centration on the plane or work piece. 

Velocity of the plasma jet is inversely 
proportional to the electrode diameter; 
it determines the penetration of the weld 
for all types of arcs and produces the 
metal transfer and its characteristics in 
the consumable electrode are. The veloc- 
ity of the jet is on the order of 104 cm/sec 
(centimeters per second). 

The temperature of the high-pressure 
tungsten arc varies from 30,000 K (de- 
grees Kelvin) at the core to 5,000 K in 
the outer regions. 

With the electrode negative and the 
work piece positive, the arc has a hemi- 
spherical shape, Fig. 1 (A), producing a 
small, intensely heated anode spot on the 
work piece from electron condensation.* 
Virtually all of the electrons are supplied 
from the cathode spot on the electrode, 
a very few being supplied by the positive 
ion streamers, metal vapors, and shield- 
ing gas adjacent to the cathode. Etching 
of the electrode shank indicates a sheath 
of positive ion streamers around the main 
are core. 

The negative end of the arc first estab- 
lishes a cathode spot on the work piece by 
positive ion bombardment. This form 
of the are is composed of a primary 
cathode spot and many secondary spots 
that are constantly forming and vanishing 
(see reference 1, p. 87, and reference 4). 
These are shown as the bright spots in 
Fig. 1 (B), taken from a high-speed mo- 
tion picture of an a-c are. A very in- 
tense primary cathode spot travels over 
the surface of the work piece with a ve- 
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trode negative. B—Electrode positive 


locity on the order of a 104 cm/sec (see 
reference 1, p. 87). During this phase 
of the arc the current is carried primarily 
by positive ions. This phenomenon with 
the tungsten imert arc is the basis 
for a new patent for cleaning metal 
surfaces.® 

As soon as enough heat is added to a 
finite spot on the work piece to produce 
melting, the primary arc anchors to this 
spot, the voltage drops, and the current 
is virtually an electron current. The 
electrons necessary to maintain the arc 
are supplied mainly by the metal vapors, 
but partially by the shielding gas adjacent 
to the cathode and the action of the posi- 
tive ion streamers on the oxide interface. 
The arc has a cone shape producing a 
broad, low-intensity heated spot; see 
Fig. 1 (B). It is known that the tem- 
perature of the molten metal in welding 
is not high enough to supply by thermal 
electron emission the electrons required 
by the true arc.6 The positive ion por- 
tion of the current has been estimated at 
less than 1.0% of the total current (see 
reference 1, p. 75). When the arc is 
in this form, the many secondary spots 
continue to form and vanish. 

The shape and thus the heat concen- 
tration of the tungsten are with constant 
current is controlled by the shielding 
gas used. As the mixture of gas changes 
from pure argon toward pure helium, the 
arc becomes more concentrated and the 
are voltage increases.’ The end effect is 
increased penetration for equal currents. 
Lengthening of the arc increases its total 
power but does not increase the penetra- 
tion (see reference 1, p. 85). 

With cathodic etching as a cleaning 
method, recent work indicates that it is 
difficult for the secondary cathode spots 
to pierce heavy oxide layers but, once 
through, they have an affinity for the 
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Arc shapes 16-5amp, 5/32-inch zirconium-tungsten electrode, 5-to-7 argon-helium volume ratio and balanced current. A— 


the metal. Etched areas appear 1 in 
each side of the weld center line wii 
Zircaloy-2 and copper are welded w : 
200-amp (ampere) balanced square-Wwaj 
alternating current. In high-speed r 
tion pictures the streamers have Db bi 
observed returning to the same 2 
three times and removing a lay 
The width of the etched area each © 
of the weld is a function of the metal < 
increases from aluminum to coppers 
Zircaloy-2. There is no evidence tog 
dicate that a nonetched area is ever | 
closed in an etched area during weld 4 
The oxides act as a thermal barrier 
reference 4, pp. 15-22). | ' 
In welding such metals as zirconi: 
copper, and their alloys with alterna4 i 
current, the positive ion bombardny 
during the reverse polarity half-c¢ 
is very great, but good welds can be | 
duced. Third harmonic distorted — 
current waves are better for welding 
per and zircaloy, as the effective pes 
during the half-cycle in which the an 
ignited is approximately one half the! 
cycle period. Also the etching ce 
as the current starts to decay. 
two factors limit the distance from 
center line of the weld over whichi 
cathode spot is able to travel. Iff 
time period of the reverse polarity, 
could be made such a small portion of) 
total cycle time that it just cleaned 
weld area, then it is believed ~ 
welds superior to dc straight-pold 
welds could be produced. This meq 
of welding and the equipment for prod 
ing it are the subject of a United $ 
| 
4 


Atomic Energy Commission patent 
plication. 

The electrical characteristics of ai 
stant-length are in a particular gass 


with a finite current are determinee | 
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Fig. 2. TypesI through XI current 
wave arc characteristics, 200amp 
rms 
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INSTANTANEOUS POTENTIAL IN VOLTS 


'/\20 


0 
0 TIME IN SECONDS 


Fig. 3. Transformer voltage characteristics, 
80 open-circuit volts, 1/8-inch tungsten 
electrode, 165 amp; argon shielding gas. 
Maximum voltage required to restrike arc 
with tungsten electrode (A) negative; (B) 
positive. Volts rms: (C) 80; (D) 100; 
(E) 150; (F) 165; (G) Approximate arc 
restrike point 


the electrode materials, the relative elec- 
trode dimensions, and the polarity in 
relation to electrode dimensions. If the 
electrode is tungsten and the work piece 
is aluminum with a shielding gas of five 
parts by volume of argon to seven of 
helium for a capacitor-balanced square 
wave of current at 200-amp rms, the are 
drop will be 8 volts with the electrode 
- negative and the work piece positive; 
with the electrode positive and the work 
piece negative the arc drop will be 20 
volts. If the capacitors are removed, 
the current during the half-cycle in 
which the electrode is positive will 
be small compared to that when the elec- 
trode is negative (see Fig. 2, type I). 
This phenomenon is called rectification 
in welding; it occurs because the tungsten 
electrode is a thermal emitter and such 
metals as aluminum are a plasma or 
field emitters (see reference 1, p. 87). 
Rectification is ever present in arc 
welding with alternating current, even 
though the electrode and work piece are 
of the same material; the difference in 
physical dimensions will affect the elec- 
tron emission relationship between them.® 
The use of series capacitors in the welding 
current circuit is the commonest of the 
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' circuit constants. 


three methods of eliminating rectifica- 
tion.® Rectification has two effects on 
welding and its associated equipment: 
the first is the reduction of energy in the 
half-cycle when the electrode is positive; 
the second is the saturation effect on the 
magnetic cores in the welding power sup- 
ply. This is particularly evident in the 
saturable reactor type of unit.” 

In an electric arc the heat generated at 
the positive end is approximately twice 
that generated at the negative end when 
the negative electrode is a refractory 
material (see reference 8, p. 521). In 
addition, the unit energy density at the 
cathode, excluding the cathode spot, 
is very low because of the large area 
covered. Therefore, in the case of the 
tungsten a-c arc in which there is recti- 
fication, the half-cycle during which the 
work piece is negative is essentially 
eliminated as a heat source. 

For a very brief period at the end of 
each half-cycle in an a-c arc, the current 
may be zero, depending on the rate of rise 
of the reversing voltage and the external 
During this period 
the ionization decreases, which decreases 
the conductivity of the are column. In 
addition, the temperature of the new 
cathode drops rapidly. As the voltage 
reverses, the arc conductivity that existed 
just before the instant of zero current 
must be re-established. Also, the polari- 
ties of the space charges that exist at the 
old anode and cathode must be reversed. 
The voltage to reignite the arc is conse- 
quently higher than the arc-burning 
voltage. - 

The process of reignition may be con- 
sidered as a race between the rising re- 
covery voltage and the forces of deioniza- 
tion and temperature drop.4!2 The 
potential drop at the start of the reigni- 
tion period is largely concentrated in 
the space adjacent to the new cathode, 
the major portion of the arc being free 
of potential gradient.1% In a circuit 
with a high ratio of inductance to resist- 
ance, are reignition is improved, for at 
zero current the voltage approaches a 
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maximum, and the distributed “i 
tance can cause the recovery volte 
reach a peak value double that of | 
open-circuit voltage (see reference 
and p. 926 of reference 13). This 
of voltage is shown in Fig. 2, type 
which the restrike potential is 125. 
for an 80-volt rms sine wave open-cil 
potential which produces a maxin 
potential of 113 volts. The use of f 
values of inductance that produce 1 
constants of more than 1/2 sec advei 
affect the programming of short 

cycles. 

As the recovery ‘hae reverses and 
the current passes through Zero, 
forces of deionization, temperature d 
neutralization, and reversal of the sg] 
charges at the electrode surfaces ¢ 
the arc to re-establish always as a g 
discharge requiring a higher arc vol 
than for the true arc. Transition f 
a glow discharge to true arc occurs W 
sufficient electron emission is establis! 
At the transition from the glow disch 
to the true arc, the are voltage di 
suddenly to that required for the true 
(see reference 3, p. 355). 

In welding with the tungsten inert-gay 
shielded arc, when the work piece ic 
aluminum with its high thermal conj 
ductivity, the problem of arc reigniti | 
becomes very critical. The arc restr. 
at a high voltage when the aluminum 
positive because of the high thern 


emission characteristic of aliminanl 

The high value of restrike voltage wit} 
its wide separation when the electrod 
becomes positive is shown in Fig. } 
type I. Fig. 3 shows a family of curve 
taken on an unbalanced current uni 
which has an open-circuit voltage, ie¢ 
the voltage before the arc is ignite 
which is sinusoidal, as well as a sinusoidd} 
welding current, type III. A pure tung 


sten electrode, an aluminum 
piece, and argon shielding gas 
used. In this case the 100 volts 


not enough to assure positive are r 
tion and 150 volts were just on the 
side. In addition, as the welding cu 
rent approaches zero, a similar cond itic 
exists and a glow discharge will fort 
the recovery voltage and rate of rise 
not high enough or if the cookie 
deionization rates are too high. If 
voltage is not high enough to equa 
exceed the voltage to restrike the 
when the electrode is positive, the are 
either go out or conduct only when 
electrode is negative oe reference 
p. 87). 
Increasing current normally produ 
| 


decreasing arc-burning and restrike vol 


,| 


SEPTEMBER 196i 


ee 


Fig. 5. 


ges within the current limits of a particu- 

telectrode. Near and above the upper 
arrent limit there is a slight rise in the 
ptal arc voltage. As the electrode 
iameter is increased for a constant value 
f current, the arc-burning and restrike 
oltages increase. This also applies to 
nereasing arc length. With a 100-volt 
open-circuit) capacitor balanced sine 
rave of current, 1/8-inch tungsten: 
lectrode, aluminum weldment and argon 
hielding gas, increasing the current from 
0 to 170 amp decreases the arc restrike 
oltage one half and the burning voltage 
e third. The arc restrike and ex- 
nguishing voltages decrease as the 
urrent wave squares up, the open- 
reuit voltage increases, and the welding 
decreases. For the 180-degree 
ut-of-phase third-harmonic distorted 
pacitor-balanced current wave, 165 
pen-circuit volts are required for the 
ame welding conditions as for a capacitor- 
alanced square wave and 100 open- 
ircuit volts. 


peed 


; usion Weld Closures 


From a corrosion and dependability 
tandpoint, it is desirable to produce a 


; é. 6. Unwelded closure bacilons: at left, 
emale end, at right, male end. Enlarged 
10; caustic etch 
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weld completely alloyed in all its parts, 
thus assuring that it will be free of voids, 
pipes, and cracks. Shown in Fig. 4 is a 
weld section with the desired alloying. 
Also, fine surface smoothness and uniform 
weld width are required. A pair of welds 
removed from the ends of a randomly 
selected single fuel element is shown in 
Fig. 5(A). 

To obtain a uniform base on which to 
determine weld quality, the width across 
the end, the overhang over the cladding 
wall, and the depth down the cladding 
wall were made the same on all welds. 

In Fig. 5(B) is shown the unwelded 
type of male and female closures of the 
AlSi-bonded aluminum-clad uranium- 
metal fuel element used in the study. 
A section through the zone to be fusion- 
welded is shown in Fig. 6. 


Welding Gases 


A 5/7 argon-helium volume ratio 
was used for all the tests, with the same 
flow rate maintained for all welds. This 
ratio was selected on the basis of weld- 
alloying improvement, depth to width 
ratio increase, cleanliness of the weld 
surface, and increased welding speed as 
compared to argon. 


Welding Current 


The welding machines and power 
supplies available for performing the 
tests were developed over a period of 
years and varied from a semiautomatic 
machine to fully automatic machines. 


300 


FEMALE 


200 


100 


WELDING CURRENT 
IN AMPERES 


—— 
fe} 100 200 300 400 


FUEL ELEMENT ROTATION IN DEGREES 
(A) 


Fig. 7. Welding machine current programs. 


Correy—Waveshape Effect on A-C Tungsten Inert-Arc Welding 


Closures, enlarged 1%. A—Welded. B—Unwelded 


In the former, the operator placed the 
work piece in a fixture and pressed the 
button to initiate the welding cycle; in 
the latter the work pieces are brought in 
for welding and taken out after welding 
by conveyor. The semiautomatics were 
originally designed without current pro- 
gramming and had a current decay at the 
end of the weld. These units were 
subsequently modified to produce the 
current programs shown in Fig. 7(A). 
To produce smooth arc starting, a weld of 
uniform dimensions, and a closure point 
of the same dimension as the weld, the 
fully automatic machines were designed 
with seven steps of current programming; 
see Fig. 7(B). 

The current programs for current 
wave types I and II, Fig. 8, started at full 
welding current; near the closure point 
of the weld an air-operated device was 
actuated to decay the current rapidly. 
The type III current wave programs are 
shown in Fig. 7(A), and those for types 
IV through XI, in Fig. 7(B). 


Current Waveshapes 


Previous work has established that 
there is definitely a relationship between 
the alloying produced in a fusion weld 
closure of an AlSi-bonded aluminum- 
clad uranium-metal fuel element and the 
current waveshape of the alternating 
current used to produce it (see references 
4, pp. 53-55, and 10, p. 3). To obtain as 
broad a sampling as possible, current 
waveshapes from all but two types of 
welding power supplies tested were used 
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) 100 200 300 400 500 
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A—Semiautomatic. B—Fully automatic 
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Fig. 8. Current waveshapes investigated 


for comparison. Types land II were not 
used in this test as previous work 
indicated that they were completely un- 
satisfactory (see reference 4, pp. 41-46). 
The types of current waveshapes used in 
this and the previous tests are shown in 
Fig. 8. 

The current waves in Fig. 8 were 
produced for: 


Type I, by the commercially available 
saturable-reactor type of units without 
current wave balancing. 


Type II, by using series current balancing 
capacitors in the welding current circuit of 
the unit used for type I. 


Type III, by the commercially available 
movable coil type units with series current 
balancing capacitors. 


5 


35 AMPERES 50 AMPERES 


100 AMPERES 


os 


200 AMPERES 300 AMPERES 


Fig. 9. Type VII current waveshape variation 
with current 
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Types IV through XI, by custom designed 
and fabricated units with series current wave 
balancing capacitors. 


For all the saturable-reactor type of 
devices the current waveshape appears to 
change as the current changes from mini- 
mum to maximum or vice versa. The 
waveshape that occurs at minimum cur- 
rent becomes the crest of the wave as the 
current is increased. In Fig. 9 is shown 
the variation in current waveshape of a 
wave similar to the type VII wave with 
the current varying from minimum to 
maximum. If all of the ordinates were 
at the same scale, the exact ordinates of 
the 35-amp wave would appear on the 
crest of the 300-amp wave. This means 
that as the amplitude of a square wave in- 
creases, the form factor approaches unity. 
The maximum current waveshape vari- 
ation can be reduced by using either 
shorter current ranges or multiple current 
ranges. The current range below 100 
amp was used in are starting and crater 
filling and it produced no detectable effect 
on weld quality. 


Weld Classification 


The following weld classification sys- 
tem was developed for the purpose of 
placing a numerical value on the weld 
quality of a sample lot of 100 welded clo- 
sures from one end of a fuel element. 
The closures are sectioned through the 
end of the crater-filling period, polished 
with 240X grit belt, and caustic etched. 
This produces 400 welds for classification 
purposes. 

To each class is assigned a digit equal 
to the class number. The largest digit, 
5, was assigned to class V welds so that 
a slight change in the number of the 
poorest welds would produce the greatest 
change in the weld quality number. 
When the reading of the total weld 
section surfaces is completed, the total 
of each class is multiplied by the assigned 
digit. These totals are added and the 
new total is divided by the number of 
classes. The division by the number of 
classes reduces the weld quality number 
to a smaller, more easily handled number. 
The quotient produced is a measure of 
weld quality; the smallest number pos- 
sible being 80 for all perfect welds, and 
the largest number 400 for all bad welds. 
In all the welds there must be no evidence 
of reduction of the residual cladding 
thickness by the welding. Descriptions 
of the various classes shown in Fig. 10 are 
listed. 


Class I—Excellent. A weld in which the 
alloying throughout the weld section is com- 
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plete and there is no evidence of localigecg 
silicon concentration in the weld or 7 
affected zone. 


Class II—Good. A weld in which thet 
complete alloying in the weld from 
braze to the surface of the weld equa 
the thickness of the residual can or ¢ 
cladding. There may be points of local 
silicon concentration as long as the 
mental in line total of complete alloyi in 
equal to the residual cladding thickness 


Class III—Fair. The same as class II 
cept that the incremental in line total m 
be at least one half the ‘resitat cela di 
thickness. a 


Class IV—Poor. The same as claga 
except that the incremental in line 1 t 
must be less than one half of the re 
cladding and must be greater than 0 
inch. In addition, this class includes 
welds in which there is a continuous f 
of decreasing silicon concentration from f 
braze to the surface of the weld. This p 
must become invisible at the Gare of 
weld. x 


Class V—Bad. A weld in which there 
(1) massive areas of silicon concentrat 
which are continuous from the braze to 
surface; (2) continuous path of silicon 
centration from the braze to the weld s 
face; or (3) in which items 1 and 2 come 
0.005 inch or less of the weld surface, 


Class VI—Internal cracks. Cracks oceurt 
in the interior of the weld mainly at 
closure point, and not visible on the 
surface. 


Class VII—Spots. Localized high. si 
spots occurring on the surface of the 1 
and extending to the braze in a contin 
column. 


Class WIII—High-silicon quarters. 
spots are so close together that it is imp 
tical to count them. They are classifie 
nearest fourth of the circumferential ~ 
distance they cover. 


ee 8 a uy A il a mcd Sl al le Pa crak ll tc San 


Classes VI and VII are not included 
in the calculations as their frequency 
occurrence is very erratic compared 
other classes. Class VIII was not ii} 
cluded as it occurred only in the secon 
group of material. | 


Current Waveshape Evaluation 


The very complex assembly proce 
AlSi-bonded aluminum-clad. urani 
metal fuel elements is classified as 
fidential Atomic Energy Commis 
information. Many factors affect rh 
quality and analysis of the braze. Ij 
canning a group of materials for | 
finite test it is virtually impossible | 
control all of the factors affecting tt 
particular condition studied. St 
ticians, after intensive study of the as 
bly process conclude that no real mea: 
results from applying statistics to thy 
findings of a welding test. i 

For reasons beyond control, it was nd 


i 
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ssible to obtain enough identical uran- 
m cores for testing so that all of the 
quired pieces could be canned at the 
me time with the same equipment and 
ews. In addition to the finished 
aterial required, enough uranium cores 
ust be started through the preparation 
frocess to take care of the shrinking 
curring at preparation, canning, and 
cing. For these reasons the decision 
as made to can material for the tests in 
fo groups. 

To complicate the problem further, 
ough how extensively was not known 
the time, the cladding material had 
len changed from 1245 alloy, which is 
entially pure aluminum, to X-8001, 
h contains approximately 1.0% nickel. 
was known at this time that the addi- 
of nickel to the aluminum made the 
ying in the weld more difficult but 
thing was known of the effect of 
ing concentrations. With the 1245 
dding all of the machining scraps were 
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Fig. 10. Caustic etch. 


converted into A-13 brazing metal. 
This practice was continued with the 
advent of the X-S001 cladding material, 
which increased the nickel content in the 
braze metal. The first canning group of 
material produced excellent welds and 
normal weld quality correlation with 
known current waveshapes. 

Table I shows the variation in quality 
of the mating surfaces of a group of type 
IV current wave weld sections from can- 
ning no. 2, indicating that the weld 
quality correlation around a single weld 
and throughout a number of welds is not 
good and that the male weld is more dif- 
ficult to produce than the female. 
Throughout the second canning group 
there was no complete over-all weld 
quality correlation, and some of the data 
reversed known relationships. 

Reading of the weld sections dis- 
closed a difference in the alumi- 
num grain size and in the darkness of 
the silicon matrix. The matrices were 
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bs 


Classes | through V enlarged 10; 
class VI, 50; class Vil, 20 


uniform throughout each of the two 
cannings. Fig. 11(A) shows the micro- 
structure of the first canning, and 
11(B) the second. The results of chemi- 
cal examination of the welds and brazes 
and spectrographic analysis of the clad- 
ding are given in Table II, showing that 
the nickel concentration in the second 
canning was greater than in the first by a 
factor of two. The correlation between 
the weld quality of the two canning groups 
is in agreement with recent work on the 
effect of nickel content on weld quality. 

The most popular welding power 
supplies available are saturable-reactor- 
type devices in which the shape of the 
current wave is directly proportional 
to the inductance. Obviously, the 
squarer the waveshape, the higher the 
cost of the unit because of the additional 
kilovolt-amperes of magnetic core as- 
sembly required. 

This study was made to determine, 
first, the current waveshape that would 
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Table 1. Mating Surface Weld Variation 
Type IV Current Wave 
Mating Surfaces 

Piece At Weld Closure At Weld Mid-Point 

Desig- 

nation Start End Start End 

Male End 
Dates sas II IV IV IV 
B= Ares fot IV IV IV Ill 
eee ae IV IV IV II 
ae ee IV III Ill ORE 
12 leer Ill IV IV It 
LARA cere IV III IV IV 
Fimersicisy. ¢ IV IV III IV 
Kewtctis-. 4 IV Iil IV It 
ds ene aeee Ill IV IV III 
ers III IV IV IV 
Female End 
IDR G50 quar II III I II 
| eae Ill I Iil IV 
LENS A A II I IV IV 
heats. x III IV IV 
PES dase Til II IV IV 
i ea a IV Iil 
a Ns eee Vv IV 

US Shed oo IV I V V 
Dy, teehee IV IV II Ii 
ME ce tehe III II IV I 


produce the best alloying in the weld 
with the fastest welding speed and, 
second, the open-circuit voltage required 
to produce good arc starting and a stable 
are during welding and crater filling. 

Within the limits of available equip- 
ment, the current waveshapes were 
selected to give a uniform distribution of 
shapes between the two limits from a 
narrow high-peaked wave with rectifi- 
cation to virtually a square wave, as 
shown in Fig. 8. 

In making the welds for these tests 
every effort was made to produce all 
welds with the same dimensions. This is 
theoretically possible but in practice any 
slight variation in thickness of the alu- 
tMminum mass changes its value as a heat 


BAD aeat 


no. 1. 


178 


Fig. 11. Braze microstructure, enlarged 250; 0.5% hydrofluoric acid etch. 
B—Canning no. 2 


sink and thus changes the width of the 
weld. For a constant value of current, 
as the mass decreases the weld widens 
and, conversely, narrows as it increases. 

The current programming was ar- 
ranged to produce a circumferential weld 
of uniform width for the average fuel 
element. This is complicated, for reasons 
not known, by the circumferential weld 
width variation of consecutive pieces on 
any one machine. It is not the result 
of current and arc voltage variation. 
Recent work indicates the varying width 
of the completely etched or cleaned area 
as the cause. If the etched area is not 
wider than the maximum weld width, 
the uncleaned area acts as a thermal 
barrier, limiting the weld width. 

Experience has shown that some un- 
desirable conditions occur only once in 100 
pieces. Thus, to obtain accurate data 
on weld quality, this number of pieces 
must be examined. The pieces must be 
sectioned diametrically through the clo- 
sure point on the weld because cracks in 
the internal structure of the weld occur 
mainly at this point. 

Though many people have done a vast 
amount of work on the problem of alloy- 
ing the braze into a homogeneous weld, 
nothing definitely is known as to why al- 
loying is not complete. Recent work in- 
dicates that a constant temperature in 
the weld will produce virtually complete 
alloying in the weld. The melting point 
of the cladding is 655 C (degrees centi- 
grade) and the brazing metal 585 C. 
There is no detectable difference, within 
1 C of the melting point, between the 
A-13 braze metal and the A-13 plus 
0.5% nickel. 

Previous work shows that it is much 


A—Canning 
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Table Il. 
Component Silicon Nickel, Per Cen 


Metal Analysis — 


Canning No. 1 


0.27 
0.58 


14.81 


Brazen nioeas 19.82 ib 
0.38— 


Weld bead.... 0.45 


Cladding in both cases medium to strong n 


more difficult to produce complete 

ing of the male weld than for the : 
In support of this, the welding rat 
the male weld is exactly one third th: 
the female. Any increase in the we 
speed above that used on either the 
or female welds decreases their quality 

In early quality comparisons bet 
welds produced with types I, II, an 
current waveshapes, the weld allo 
improved as the current waveshay 
changed from a type I toward a 
III. The improvement in weld qu 
by the elimination of rectification 
been found by others;'® also, the surfae 
roughness decreases. Fig 12(A) sho 
the alloying that occurred in one tt 
of the welds produced with the ty 
current wave, and (B) shows the 
roughness. 

In high-speed motion pictures corr 
tions in the weld surface may be 
forming as the current started to d 
when the electrode was positive. 
welds were made at 231!/, inches 
(per minute) with argon shielding 
The type III current wave with exa 
the same technique produces satisfa 
weld quality. From this it is theo: 
that the increments of heat per unit titi} 
were more uniform as the current 
widened and its maximum valu 
creased. Oscillograms of arc power, 
rent, and voltage for current wave 
I, IJ, and III are shown in Fig. 2. 
oscillograms were taken with 200 
rms in order to make a direct comparisis 
of the power produced in each half-e} 
by each type of current wave. In. 
from an unbalanced type I to a balam 
type II current wave, the oscillogra: 
show that the maximum power in a h 
cycle changes from the half-cycle w 
the electrode negative to that wit 
electrode positive. No visible ch 
occurs in the width of the valley betwe 
the power pulses, indicating that any 
in weld quality is due to the incre 
power in the half-cycle in which thee 
trode is positive, maintaining a m 
uniform temperature in the w 
There is a large reduction in the su 
corrugations of the weld (see referen 
p. 46). F 

Comparing the oscillograms of ty] 
and III current waves shown in F 


dl 
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j. 12. Weld alloying and weld surface produced 
type | current wave, 165 amp; argon shielding gas; 


.3 inches/min. 
B—Surface; enlarged 2.5 x 


lows a definite reduction in the width 
the valley between the power pulses. 
is is evidenced in the weld quality 
provement between the two types (see 
erence 4, p. 53). 
(Further improvement is shown in the 
duction of the valley between the power 
Ises of types III and IV current waves 
own in Fig. 2, Also, the power pulses 
e developing flat tops, indicating that 
more uniform temperature is occurring 
the welds. 
One form of square current wave types 
shown in Fig. 2, types V through VII. 
comparison of type IV with these 
ows that in the latter there is a major 
duction in the width of the valley 
ween the power pulses. The tops of 
€ power pulses are further broadened 
d flattened, producing a more uniform 
mperature in the weld. 
Fig. 2, types VIII through XI, gives 
second form of square wave. A com- 
ison of the previous type of square 
ve with these shows that the valleys 
pween the power pulses are identical. 
here is a difference in the contour of the 
ps of the two forms. 
With current waveshape 


types I 


rough XI, a “negative” pulse of power 
curs as the polarity changes from the 


ctrode positive to the electrode 
gative. These pulses of negative 
wer cannot be accounted for on any 
is which include intrinsic arc phe- 
mena. From calculations using the 
own circuit constant of the watt 
lvanometer and its associated circuit, 
out one third of the negative power is 
oduced by the inductance in the gal- 
nometer current coil. The remainder 
orobably produced by circuit inductance 
the watt galvanometer current cir- 
t, and reversal of the charges in the 
» returning energy to the circuit. 
2 difference in amplitudes of the nega- 
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A—Allloying; enlarged 15x. 


e power pulses is produced by the 


difference in those of the restrike poten- 
tials. 

The effect of the negative power pulses 
is an apparent narrowing of the width of 
the power pulses and the widening of the 
valleys between them. Since the cur- 
rent passing through the watt galvanom- 
eter is not the same as that passing 
through the current galvanometer and 
since the current galvanometer inductance 
is negligible, the current trace is the true 
value. By multiplying the corresponding 
ordinates of the current and voltage 
traces, the value of power can be found 
and it is without evidence of the negative 
power.'® The exact alignment of the 
current and voltage traces can be made 
by aligning the discontinuity in the 
current trace with the crest of the restrike 
voltage when the electrode is positive. 

In an attempt to develop a theoretical 
relationship between the welding current 
waveshape and its efficiency in alloying in 
a weld, numerous calculations were made. 
The values of power were determined 
graphically from the power oscillogram 
trace, the instantaneous values of which 
were known by calibration. This re- 
quired the use of a function that was 
independent of the small variations in 
current, voltage, and power occurring 
in the are. The first attempt used 
form factors of the power pulses, a 
comparison of which for positive and 
negative polarities is shown in Table 
III. The difference in the values is 
not great enough to produce a significant 
separation to be used for evaluation. 
Table IV shows the form factors of the 
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current waveshapes for each cycle of 


power. Here, there is less separation 
than in the previous case. 

A much better approach was developed 
by using the ratio of the power in a half- 
cycle with the electrode positive to that 
with the electrode negative. These data, 
in order of improving waveshape are 
shown in Table V; as the current wave 
squares up, the ratio increases from type 
I to type II, then decreases from type II to 
type IV, and then increase from type V 
through type XI. Separation and trend 
are adequate for the evaluation. Change 
in trend between types I and II is caused 
by the change from unbalanced to bal- 
anced current. The decrease between 
types II and IV is a very small per cent, 
and may be caused by errors in the 
graphical solution. Increasing of square- 
ness in the current wave causes the ratio 
to decrease between types V and XI. 
Current wave types [IX and X appear to 
be interchanged by a comparison of the 
numerical value of the ratio but the trend 
indicates that they should be in this order, 
as type X is more square than type IX. 
Probably this is true because of errors in 
the graphical method and calculations, as 
the difference between the two is 0.78%. 

Table VI shows results of the half-cycle 
power ratio and weld evaluation, tabu- 
lated according to the ratio of effective 
power with the electrode positive to 
effective power with the electrode nega- 
tive. Good correlation between types 
III and IV occurs as the weld quality 
number for both the male and female 
weld decreases; also, both are from the 
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Table Ill. Waveshape Half-Cycle Power 
Relationships 
Power, Kw 
Current 
Wave Average Effective Form 
Type Value Value Factor 
Positive Electrode 

WD eteateragatas 1.798 2.27 1.262 

i Oe 3.51 4.68 1.332 

1 0 ee 4.20 4.79 1.141 
Vise: cistetann ere 4.20 4.34 1.033 
Wis: 3.51 3.65 1.039 
ibs; 3.22 3.38 1.048 
VAN ee 3.38 3.50 1.033 
WII: .: 3.aL 3.47 1.047 
hth Cae ain ae Bi 3.46 3.58 1.035 
Re. 3.45 3.55 1.030 
es 3.43 3.54 1.031 

Negative Electrode 

i tas 4.02 bis ly 1.283 

1 Sear 1.835 2.44 1.330 
LIL. 2.20 2.52 1.145 
Visti, teteries 2.07 2.31 Liit3 
Visctnraa sae 1.483 1.500 1.013 

WA Bacon ened (arte40) 1.310 1.023 
VEL toe. acer 1.336 1.358 1.017 
hie 0 0 eee aoe 1.400 1.423 1.015 
xe 1.375 1.400 1.018 

> a 1.373 1.398 1.017 

>. © ae 1.308 1.340 1.022 


same canning group. The larger weld 
quality number indicates that the male 
weld is more difficult to produce, in 
agreement with results of previous work 
(see reference 4, pp. 28-30). Types 
IV and V show an increase in weld quality 
numbers. However, type IV is from the 
canning group which produced poor 
weld correlation and type V from that 
which produced good weld correlation, 
indicating that the difference is not signifi- 
cant. This is substantiated by a study 
of Table VII which shows a major 
improvement in the conditions that 
are very serious, stich as bad welds and 
cracks. Also, the male weld quality 
number is higher than that of the female, 
indicating that it is a poorer weld, which 
agrees with previous findings. A com- 
parison of types V and VIII indicates 
that, according to the power pulse ratio, 
type VIII produces the best weld, while 
the weld quality number indicates type V. 
Since both were welded from the same 
canning group that produces good weld 


Table IV. Form Factors of Current Wave- 


shapes 
Current Power Per Cycle, Kw 

Waveshape —_ Form 
Type Average Effective Factor 
I arene 2.81 4.00 1.423 

ED Sse a eateta 2.67 3.73 1.396 

LET, shar octree 3.20. 3.82 1.182 
LY cist ivcrateatere 3.14 4.81 1.53 

War cde 2.50 2.80 abe lPs 

ME recone: 2.25 2.56 1.138 
VILA. eee 2.36 2.65 1.122 
WILE. .s taleaeune 2.36 2.65 1.122 
tI, ROS hee ay 2.42 2.72 Ti22 
DFR a I oc, 2.41 2.70 1.122 

aN S's sofas 2.37 3.68 1.13 
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correlation and the numbers are so close 
together, they will both produce welds of 
virtually the same quality. In addition, 
the male weld quality numbers are higher 
than the female, as expected. 

Comparing the power pulse ratios and 
weld quality numbers for types VIII, 
IX, and X, shows a definite improvement 
in quality from type VIII to type X, as 
shown by the correlation between as- 
cending power pulse ratios and the de- 
scending weld quality numbers. Again, 
the male weld quality numbers are higher 
than the female, as expected. 

The comparison between types X and 
VI indicates a good correlation between 
the power ratios but a reverse correlation 
between the weld quality numbers; this 
is to be expected, as they are from dif- 
ferent canning groups. A study of 
Tables VII and VIII indicates that for 
most items type X is a better weld than 
type VI. However, with previous find- 
ings and data it can be concluded from 
the power pulse ratio correlations that 
type VI current wave produces a better 
weld than type X. The male weld 
quality numbers are higher than the 
female, as expected. 

A comparison of types VI, VII, and 
XI brings forth some unusual facts: 
Weld quality numbers indicate that the 
quality of the welds produced by type VII 
should be better than that produced by 
type VI but the power ratios indicate 
that they should be the same. The data 
in tables VII and VIII generally indicate 
that type VII wave weld is better than 
type VI. Inspection of the power trace 
of the oscillograms in Fig. 2, types VI 
and VII reveals a difference in flatness in 
the tops of the power pulses of the two 
wave types, indicating that they should 
not have the same power pulse ratios. 
In addition, the weld quality number for 
the male weld is higher than that of 
the female, indicating proper correlation. 
Thus it can be stated that in the weld 
quality produced by the two current 
wave types, the difference as indicated 
by the weld quality number is, though 
measurable, very small. 


A comparison of types VII and XI 
current waveshapes indicates from the 
power pulse ratios a very good cor- 
relation, but from the weld quality 
numbers, the reverse. The complete weld 
quality data of Table IX indicates 
that the total spots and total high silicon 
quarters agree with the power pulse 
ratios and with the relationship between 
the male and female weld quality. 
Previous data, the power pulse ratios, and 
knowledge of the materials’ weldabil- 
ity lead to the conclusion that a 


Table V. Current Waveshape Half-Cyc | 
Effective Power Relationship ~ | 


Effective Power, Kw Ele 
Current Total ol 
Wave Electrode Electrode. Per Electre 
Type Positive Negative Cycle : 

Doe ee 2.27 5.17 4.00 
BE hoo 4.68 2.44 3.73 
VON Bobo 4.79 2.52 3.82 
EV iriaseet 4.34 2.31 4.81 
Niigata hs 3.65 1.50 2.80 
VALLE eee 3.47 1.423 2.65 
1B om oF 3.58 1.40 2.72 
rere 3.55 1.398 2.70 
Wile. 02 3.38 1.31 2.56 
Vi reet 3.50 1.358 2.65 
ba EAA 3.54 1.34 2.68 


better weld than a type VII but that t] 
difference in quality cannot be 
tablished. ’ 

Work in progress in Japan on impre 
a-c waveshapes indicates that sq 
type current waves increase are stabilij 
and improve welding.!® 

Complete examination of the 
points to the conclusion that as an — 
ternating inert-are welding current 
approaches a square wave, the qual: 
of the fusion weld produced on the A 
bonded aluminum-clad uranium- 
fuel element will improve by a meass 
ble amount... 


Ratio Relationships 
In this section ratios between ope 


circuit voltage, welding speed, and shie« 
ing gas are discussed. 


Table VI. Half-Cycle Power Ratio 


Quality Relationship 


Ratio Effective 
Power Electrode 


Current Positive to Weld 
Wave Electrode Quality 
Type Negative Number 

Laem 0.44 

II se 92 
TID 1.90 M 258 
F 233 
IV ..1.88 M 230 
F 215 
V ..2.43 M 276 
F 222 
VIII 2.44 M 275 
F 259 
TX atheat 2.56 M 245 
F200 
> GS RIA 2.54 M 212 
F 183 
Wie irec sages 2.58 M 265 
F 250 
iW LD sb ioinevayaners 2.58 M 250 
F 259 
Ee os: septal 2.66 M 293 
LEE 


M=male weld; F=female weld. 
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ig. 13. Weld produced with d-c straight 
polarity; 52.9 inches/min. A—Argon 
hielding gas; 150 amp. B—Helium shield- 
ng gas; 100 amp, enlarged 10X, caustic etch 


Dependency of the are on open-circuit 
oltage for stable operation was dis- 
overed early in the study of parameters 
affecting the weld quality of AlSi- 
bonded aluminum-clad fuel elements 
see reference 4, pp. 27-33). For the type 
III current wave, it was found that 100 
ppen-circuit volts maintained good arc 
stability under these conditions: argon 
sed as a shielding gas, currents of 140 
to 175 amp, 3/16-inch zirconium-tung- 
sten alloy electrodes, a welding speed of 
42.4 inches/min, and series current wave 
balancing capacitors. With a 5/7 argon- 
helium ratio shielding gas and all other 
parameters the same, the arc was diffi- 
sult to start and had a tendency to go 
out during crater filling. 
~In evaluating the open-circuit voltage 
required to produce a stable are with type 
XI current wave and a 3/16-inch zir- 
conium-tungsten electrode, it was dis- 
covered that an arc that was stable at a 
welding speed of 17.8 inches/min would 
go out at a welding speed of 52.9 inches/ 
min. Table X gives results of the tests 
Showing the dependency of a stable arc 
on welding speed, open-circuit voltage, 
and shielding gas ratio. Under condi- 
tions of 100 open-circuit volts, argon 
shielding gas, and a welding speed of 
52.9 inches/min, the arc was unstable with 
superimposed high frequency and stable 
without. 


‘Fig. 2, types I and II, shows the effects | 


of low open-circuit voltage on the third- 
harmonic distorted sine current waves. 
The voltage could not rise fast enough 
nd high enough to reignite the arc with- 
t a discontinuity in the current. 
e arc was high-frequency stabilized. 
o, as the current nears the end of the 
pulse, the arc tries to go out and the 
extinguishing voltage rises, trying to 


~ 
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Table VII. 


Individual Weld Quality 


Individual Weld Section Quality Number of Each Class Per Lot 


Class VI, 

Lot Class I, Class II, Class III, Class IV, Class V, Internal 
No. Excellent Good Fair Poor Bad Cracks 
DIME Berane yetches 12 89 52 226 25 15 
DER Sieareetsitareters 49 101 73 164 34 i 
DIN. 3 ede 36 101 111 160 & 4 

PA nae Sy AL GIR ora 94 106 93 112 4 9 
OM ti cen 70 116 86 105 16 

Shyer See. cee 140 125 83 45 19 1 
AMES acts oaces ae 18 52 114 214 12 4 
As at Gaia 84 74 64 150 17 1 
OME sycneetntniecanrsty 4 45 74 213 31 48 
OIE ayafeiintiss, ouster cass 76 54 61 179 33 10 
GIVE reise! accent: 10 45 29 207 29 79 
GES Sac os aren 53 49 58 188 44 16 
AN ice eret actor tors 5 68 58 185 19 22 
kOe revetereis Gasketee 108 75 55 111 42 17 
SM serosa anctatets 6 106 73 190 19 11 
SES ss rstaveldaieve 56 135 43 151 21 3 
OM tun ace 10 36 25 316 9 4 
ORF fois, eh tet 103 80 48 128 10 31 


maintain it. The low open-circuit volt- 
age also produces variable height and 
therefore variable areas of the current 
pulses. The combination of the variable 
heights and variable pulse widths produces 
a continuously varying temperature in the 
welds. 

The time after zero current, in which a 
glow discharge exists, approaches zero as 
the open-circuit voltage increases and 
the current waveshape becomes square. 
When the electrode becomes positive, 
the time in which the glow discharge 
exists approaches zero as the waveshape 
becomes square; this is shown in Fig. 


Table VIII. 


No. of Surface Penetrations by Silicon, Spots per Weld 


Lot 7 or : 
No. 1 2 3 4 5 6 More 1st 2nd 3rd 4th 
Uns le lewA 6 7 2 
TRAN ee ote 7 wi 3 4 1 BE 
PAs Ghee 8 6 3 1 
CA eae PES 2 b 7 2 1 
SIMs uc <-stive 11 6 6 if 
cd See, aetoee nae 4 2 4 2 1 
C1 EE ee Sp aes 17 14 12 8 1 1 
A4F,. 2 1 1 1 
DIM e nae 4 4 13 13 11 14 17 49 3 15 3 
Ay Sets ian hoe 4 if 8 a 2 6 8 8 3 1 
GME cers costs <a 11 16 10 15 9 5 4 16 25 4 2 
GaSe ere. 6 2 4 1 1 31 13 1 1 
sa Weaeve oysters il 1 12 11 5 9 5 19 30 7 8 
Oe eer eee 3 5 5 4 6 9 3 12 12 4 6 
SME... Stan s 1 1 1 3 3 22 30 13 17 
to ae a ee 1 1 22 25 4 1 
OMae <hr ote. 7 7 6 2 4 23 15 1 a 
Ore eect atti iE 2 2 L 19 3 
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8 by the discontinuities in some of the 
current traces as the current rises above 
zero. The discontinuities are the re- 
sult of too few electrons and possibly 
positive ions available at that instant 
to support a true arc. During the 
period of transition, enough heat is 
added by particle acceleration from the 
rising voltage to produce sufficient elec- 
tron emission and to permit a true are to 
form. When the refractive tungsten 
electrode becomes negative, enough elec- 
trons are available to form essentially a 
continuous true arc; see Fig. 8. No 
discontinuities are recorded as the cur- 


Individual Weld Quality Tabulation 


Generally High Silicon 
in Quarter Circumferences 
of the Weld, Quarters 


Table IX. Complete Weld Quality Tabulation 


<= 


Weld Total High 

Lot Pieces Waveshape Quality Total Silicon 
No in Lot Types Number Spots Quarters 
Min eee Ben trace 104 III 258 18 189 
Boar crave Mets tetas 233 iG 88 
da Tish en Or een eet 103 IV 230 197 132 . 
(Aa a Oe ea 215 149 72 
NIGH a Alo sa (er ah oystese 102 Vv 276 87 

MB Reheecsereis pines sr0Ke 222 23 

DIM evctess > mie o:letereis 105 Vill 275 26 

TUR ep vcrevs, steteusvopetate 259 58 

DN es ea ee 105 1 245 33 

DRGs wate arisiehovcte ere aa 211 47 

630 BS pEROROICTO ROTO 107 x 212 49 

Be ee, ele 8d 183 39 

EIA cee repens iereetdysy eneis 106 VI 265 546 42... 
Dye ee tel crayeis 33.8 tcrtarce 250 123 37 
GIM strane Sth ost 101 VII 250 237 : 86.. 
Gee ee rth She 259 34 64 
OM Frata si s.e cisco svare 102 XI 293 67 : 84 
LV) <r Se) i are a Zool 21 25 


M=male weld; F=female weld. 


rent increases below the zero axis. 
From theoretical considerations there 
must always be a finite time, after the 
voltage starts to increase from zero, 
in which a glow discharge exists. Thata 
glow discharge does exist and that there 
is an electron deficiency, (though not 
shown in the current trace) is shown by 
the peaks on the voltage traces after the 
point of zero current; see Fig. 2, types 
IV through IX. 

With increasing open-circuit voltage 
and squaring up of the current wave, the 
extinguishing voltage required to maintain 
the arc at the end of the pulse is at least 
as great as the burning voltage; see the 
round-cornered ends of voltage traces 


in Fig. 2, types IV through XI. The 
extinction voltage is shown as a definite 
spike indicating insufficient voltage avail- 
able to maintain a true arc; see Fig. 2, 
Types T, II, and III. 

The results of the tests indicate that 
an open-circuit potential of 130 volts 
would produce the required arc stability 
with all the gas ratios tested. This 
value was used throughout the tests on 
types V through XI, current waveshapes 
producing excellent are stability with a 
5/7 argon-helium shielding gas ratio. 
This is because the maximum restrike 
voltage occurs at virtually zero current. 

The maximum open-circuit potentials 
allowed by equipment limitations were 


Table X. Type XI Current Wave, Arc Stability Relationships for Variable Gas Ratios 


High 
Shielding Gas Frequency 
Open Volume Ratio Stabilization 
Circuit,  —  ——_—_-__ —_________ Un- 
Volts Argon Helium Yes No 
x x 
GDS: 6ias12 x x < 
5 7 x x 
OO aerekete { x x 
5 ff x ~ 
OF a aeraar { x x 
5 Uf = 
x x 
WOO). x x 
5 7 x 
x x 
TOS ohitw. | 5 a x 
5 1 x x 
5 re x 
Lig, { : d : . 
5 if x 
1. Ae { 3 : 
5 7 x 
125...... { 4 
5 7 x 
1s0he ae { , : 


Almost 
stable Stable Stable Stable stable Stable Stable Sean 


Arc Stability, Inches/ Min 
17.8 52.9 


Very Un- Almost 


* 
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80 volts for types I and II and 100 voltdj 
for type III current waveshapes. T: 
IV had a constant open-circuit potentiz 
of 165 volts. 
The use of a high open-circuit voltagy 
to maintain a stable arc has the following 
advantages: 
1. Minimum radio-frequency interfere 
problems when high frequency is used for 
starting only. 


2. High-frequency stabilization tends + 
produce a weld with a rougher margin a 
surface. 
3. The arc is more stable, having less t 
dency to wander, producing a smoof 
weld. 


4. Increased welding speed. 


5. The arc 
smoothly. 


starts more quickly 


Conclusions 


From test results and demonstrations 
the following conclusions to may be es tab 
lished. . 

Improvement of fusion weld alloyin 
with square-type current waves in thi 
closure weld of AlSi-bonded aluminum 
clad uranium-metal fuel elements isi 
established. Alloying improves as f 
current waveshape changes from 
asymmetrical 180-degree out-of-ph 
third-harmonic distorted sine wave 
toward a symmetrical square wave. — 

A positive agreement exists between 
the ratio of the power pulse with the 
electrode positive to the power pulse} 
with the electrode negative and thet 
weld quality number, showing th 
alloying in the weld improves as the 
current waveshape changes toward a 
square wave. Also weld alloying ¢ 
be measured by a number. 

Weld alloying improves as the ter 
perature in the weld is held more constanti 
and is concentrated by a more constant 
value of current in each pulse. Thi 
supported by work in progress yv 
d-c straight polarity using argon and 
lium shielding gases.” With d-c strai 
polarity the electrode is small enough t! 
the arc diameter decreases and a pla 
jet forms, increasing agitation of 


Sections of representative welds from < 
lot of ten pieces are shown in Fig. 
The weld in Fig. 13(A) was produ 
with argon and the one in (B) with 
lium. The argon weld is class IJ, a1 
the helium weld class I. There was 10 
evidence to indicate that the weld quality 
throughout a lot for either gas would be 
less than shown. 

A relationship exists between weldi 
speed, shielding gas ratios, and the 
open-circuit; voltage required to produce 
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Stable arc without the use of high- 
equency stabilization and also the use of 
perimposed high-frequency current will 
ontribute to an unstable arc condition 
ith open-circuit voltages that will 
roduce a stable arc. 

As the current wave becomes square, 
he welding speed may be increased with- 
ut adversely affecting weld quality. 


In changing the shielding gas mixture 
om a pure argon toward a pure helium 
he open-circuit voltage required to 
aaintain are stability with and without 

perimposed high-frequency current in- 
reases. 


From the test results it may be stated 
hat the more desirable characteristics for 
welding power supply to fusion weld 
he closure of AlSi-bonded aluminum- 
lad uranium-metal fuel elements with 
he a-c tungsten inert-gas-shielded arc 
ae. 


A balanced current waveshape that is 
good as type XI, Fig. 8. 


Open-circuit potential of 130 volts for 
gon-helium mixtures of up to 3 argon, 9 
1elium by volume. 
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N MANY PRACTICAL Situatioris 
when frequency-domain information 
about a process is required, the input is not 
sinusoidal and of a constant-frequency 
steady-state nature. For example, it 
ay be necessary to obtain the frequency 
response of the changing linear plant in 
an adaptive control system at a specified 
ime. A problem arises in that the plant 
s controlling some quantity and usually 


vices. Consequently, the measurement 
lust be made using only input and out- 
out information of the linear plant, which 
s not usually sinusoidal in form. The 
problem then is one of obtaining fre- 


Bem from the given input.! 
This paper outlines a simple way of 
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detéritiining Coipletée frequéncy-doinaini 
information when the input is any arbi- 
trary transient of finite duration. The 
method lends itself to incorporation in 
physical equipment and can be rigorously 
verified in theory. 

Although its chief value lies in the 
application previously stated, the method 
has two additional valuable uses. First, 
it can be used to convert an impulse, step, 
or ramp response in the time domain to 
the frequency response of a system in the 
frequency domain. Thus, given the im- 
pulse response of a control system, the 
frequency response is obtainable. Sec- 
ond, the method can be used to obtain the 
Fourier transform of an arbitrary wave- 
form of finite-time duration. 

The bulk of prior work in this area has 
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been analytical in nature. The fre- 
quency-domain information usually has 
been gained only by laborious calcula- 
tions, often requiring digital computers for. 
solution. There appears to be a genuine 
need for a device which can quickly com- 
pute, in at least a semiautomatic manner, 
the necessary frequency-domain informa- 
tion. The experiment described herein 
is successful in quickly obtaining this 
jnformation when the inputs are of a 
class which included those made Ups of 
an arbitrary transient of finite duration, 
followed by an interval in which the in- 
put was fixed at some value. 


Theoreticai Basis 


Usually, when the frequency-domain 
information of a control system is re- 
quired, a sinusoidal generator of variable 
frequency is contiected to the input, as 
shown in Fig. 1. After the transient re- 
sulting from the change in input has de- 
cayed to zero, the amplitude and phase 
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s* +u4 


G(S) 


Sinusoidal 
Generator 
R(t)=0;t<O 


Measurement of 
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and phase 

difference 


Fig. 1. Frequency-response test procedure 


for sinusoidal input 


of the control system’s output are com- . 
pared, respectively, with those of the 
input. From this information, a point on 
both the amplitude and phase plots can be 
determined. For this arrangement, the 
output C(¢) of the control system, when a 
sinusoidal generator is connected at t=0, 
has the Laplace transform 


1 


C(s)= 


G(s) (1) 


$2 —-@32 
where G(s) is the complex transfer func- 
tion of the control system, and a is the 
frequency of the measurement. 

A band-pass filter has a related trans- 
form for its transfer function. Such a 
filter could be made to have the transfer 
function given by 


HN lands 
6i(5) s?+2o00,s+a12 


If the filter had an infinite Q, then « would 
be zero and the transfer function would 
become 


a2) 


O0(s) _ os 


0s) s?-+w1? 


Two of these filters can be used to obtain 
the frequency response of the system if 
they are employed in a test arrangement 
where the input is a step as shown in 
Fig. 2. 

Proof that the frequency response is 
obtainable, when the input is a step and 
ideal filters are used, lies in the fact that 
the transform of the output (C,’(s) is 


(3) 


R(S). 


Measurement of 
amplitude ratio 
and phase 

ditference 


Ri(S) 
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identical to that of the transform C(s), as 
given in equation 1 for a sinusoidal test: 


1 @1S 
Ci'(s)= (3) ( oats 


Similarly, the input functions are equal: 


exon (C8) 


Therefore, if the filters are ideal, the trans- 
fer function of any linear plant G(s) can 
be obtained from a step input by 
waiting until the system transient has 
decayed to zero and then making meas- 
urements of amplitude ratio and phase 
difference at the outputs of the two filters. 

An example of measuring a simple 
second-order transfer function with a step 
input will help to clarify the procedure. 
The Laplace transform of the response of 


the second filter is 
@)1S 
5? s? +e? 


ee u 
cxs=(%) ies # 


(4) 


ie 
[43> a9? 
where 
1 
G(s)= 
PA Se ie 
14+—+— 
@2 @2 


The time response is 


@1e2” 


C1 ae eee 


if oe 
—— _¢~# sin («/1— 0? t—&) 
leo } 


i 
Shap Sith (a9) 
a1 


—2o0?/1—0? 


=tan= 
Mate w1? — w*( 1 — 20?) 


After a time, equal in value to five time 


Fig. 2 (left). Fre- 
quency response 
test procedure 
for step inputs’ 


Fig. 3 (right). 
Frequency - re- 
sponse test pro- 
cedure for im- 
pulse, step, or 


ramp inputs n=0,1,2 
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constants of the exponential functi 
the transient is negligible, so that 
response is given by 

i Se 
[(cop? — 1)? +4. 0%o12ar2?] 72 


sin (%¢ — 


C(t) eee 


~ 72, 


The output of the first filter has 
transform given by equation 4, which isag 
sinusoid : 
Ry "(t) =sin wit 
The ratio of the amplitude of the second 
filter to that of the first filter is 
a9” 


[(w2? — 12)? +-4.6% 29?) 1/o 


which is exactly the magnitude of t 
transfer function obtained by substitut 
jor for s in the transfer function G 
In addition, the phase difference is 
which is identical to the complex phas 
angle of the transfer function at a. 
A question might be raised at this poit 
as to whether or not this is simply a tr 
in block-diagram algebra. The answer iss 
that.it is not. It happens that a sim- 
usoidal generator output and an id 
filter transfer characteristic have simi 
Laplace transforms and use is made of t 
fact. Also, it is certainly true that t 
system pictured in Fig. 1 is very different | 
from that of Fig. 2. 3 
The foregoing general results can bet 
extended easily to the case of an impulses 
or ramp input by utilizing appropri 
differentiation or integration as shown 
Fig. 3. 
The transient which occurs in the out 
put of the second filter is identical f 
that occurring in the output of the system 
shown in Fig. 1, where the input is 


sin wit; t>0 H 
Re) — a 5)) 


The significance of this fact is that t 
frequency-domain information is bei 
obtained as quickly as would be possi 
if a sinusoidal generator were connected 


Measurement of 
amplitude ratio 
and phase - 

difference 
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o the input and measurements were taken 
immediately following the transient. 


EXTENSION OF THEORETICAL RESULTS 


The previous results, which are useful 
for a group of problems, also can be ex- 
ended to obtain the frequency-domain 
haracteristic of a linear transfer func- 
ion when the input is an arbitrary tran- 
sient of finite duration. 

Let the input function to the control 
system under test be defined as 


int <0) 
(t)=| Rs(t); O<t<b (6) 
BO Ph 


here A and B are finite constants, and 
a(t) 


$ a variable which remains finite. For 
he purpose of proving the extension of 
esults, an ideal filter is placed between 
he input function and the control system 
as shown in Fig. 4. If it can be shown 
that R;’(t) eventually becomes sinusoidal 
with this configuration, then it is possible 
0 obtain the frequency response of 
(s). The procedure used in the figure 
S of no practical value and is used solely 
as a step in the proof. (Since the input 
has value prior to t=0, a Fourier trans- 
form analysis is used.) 
The input to the control system is 


. . jose 
Raj) = Ra(jo) 
pis 


‘or the convolution of two time functions, 
t is known that 


co Fo(t—£) Fy £)dt 
¥ =F-1[( Fa(jw))( Fo(jw))] (7) 


Where F,(i) and F,(é) are the two time 
tunctions, and §—1 | ] indicates the inverse 
Ourier transform.* Let 

ae 

al jw) fiat 


and 


Fol jer) = joo Re( je) 
nen 

ra(t) =sin wt 

we =5 [R(0)] + Co= R(t) 
nd 

Fy(jo))( Fo(jw)) = Rs'(jo) 


The time function of the input can be 
yritten 


BM) = Sm sinet—DRMEdE (8). 


Fig. 4. Conversion 
of transient input 
into sinusoidal input 
for measurement of 
frequency response 


Ry M(t); OSt<b 
0 ; elsewhere 


R(t) =( 


and R3,“?(¢) includes the finite impulses 
that may occur at ¢=0 and at t=d. 

Under the condition that #>b, the sys- 
tem input is 


Ril(t)| s0= Sp sin ox(t—)Ri(E)dk 
=(sin wit) fo’ (cos wit) Ri()dE— 
(cos ent) So (sin ait) Ra(E)dé 
=C; sin wit+Co cos at 
=Csin (wt+9) (9) 


where C and ¢ are constants. 

A second proof can be obtained by con- 
sidering the energy in the filter after 
t>b. 

It is thus shown that R;’(#) for >d is a 
sinusoidal function with frequency « and 
with constant amplitude and phase. Ac- 
cordingly, the frequency response of G(s) 
can be obtained. 

The measurement technique of Fig. 4 
is, of course, unsuitable because the orig- 
inal input information to the system is 
modified by the filter. A system which 
does not modify the input information 
but allows the equivalent measurement 
of the transfer function is shown in Fig. 5. 
The relationships existing for the con- 
figuration of Figs. 4 and 5 are shown in the 
next statement: If R3(s)=Rs(s), then 
Rs'(s)=Ra'(s) and C,’(s)=Ci(s). As a 
result of these relationships, when the 
constant C of equation 9 does not equal 
zero, the frequency response of G(s) at a 
can be obtained. 

The output of the first filter Ri’(d) may 
have zero amplitude for (>); that is, C= 
0. This condition occurs when the input 
R(t) has no energy at the frequency of 
measurement w). Since R,(t) is finite, 
there can be no interval of frequency 
over which there is no energy. However, 
isolated points on the frequency axis can 
have zero amplitude. These points are 
insignificant because their number is 
small, and slight detuning of the filters 
produces a frequency at which the ampli- 
tude is not zero. 

The positions of these points can be 
found in two ways. Analytically, the 
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and phase 

difference 


method is to take the Fourier trans- 
form of the input function and solve for 
the zeros of this transform. Experi- 
mentally, the positions are determined by 
the fact that no energy appears in the 
outputs of the two filters at these points. 

From a knowledge of Fourier trans- 
forms, it is possible to show that the 
greater the spread of a function in the 
time domain, the narrower is its corre- 
sponding frequency domain function. 
For this reason, the input function should 
be kept within a reasonably small inter- 
val (determined by the dynamic range of 
the measuring equipment) in order to in- 
sure sufficient energy over the spectrum 
of measurement. In addition, the length 
of the input transient in time adds 
directly to the computing time. There- 
fore, if the transient is long, computation 
is slowed. A second consequence of long 
transient inputs is the higher accuracy 
required in matching the tuning of the 
two filters. 

Now it is clear that by using ideal filters, 
the frequency response of any linear plant 
G(s) can be obtained, except at a finite 
number of distinct points, from a tran- 
sient input of arbitrary form and finite 
duration. By waiting until the input and 
system transients have disappeared and, 
subsequently, making measurements of 
amplitude ratio and phase difference, 
the frequency response is determined. 

This approach to system transfer- 
function determination can also be ap- 
plied in determining the Fourier trans- 
form of arbitrary time functions of 
finite duration. Fig. 6 shows a possible 
configuration for such determinations. 
The triggering device produces a unit 
step at the start of the transient and holds 
the step until the measurement is com- 
pleted. In this way, the arbitrary tran- 
sient is made to appear as a transfer func- 
tion, and it is handled by the first method 
described. 


Physical Realization 


The degree to which the previous 
theoretical results can be used in practice 
is dependent entirely upon the ability to 
synthesize accurately the transfer func- 
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Rg(S) Ca(S) 


Input 
Function 


Ideal 
Filter 


Measurement of 
amplitude ratio 
and phase 

difference 


R,(S) 


tions of the ideal filters. The most direct 
approach is to attempt synthesis of 
these functions by using analog computer 
components, which are readily available. 
In many instances, it may be desirable 
to program a small analog computer 
temporarily to produce the required filters. 
Since direct-voltage drift is of no conse- 
quence, the amplifiers may be quite in- 
expensive without causing loss of ac- 
curacy. The equation of the desired filter 


O0(s) @S 


stteay? 


and the corresponding equation in differ- 
ential operators is 


(10) 


Hy ae «10; ea aa «1706 


This can be synthesized exactly, using 
the computer diagram of Fig. 7. Any in- 
accuracy is caused solely by inaccuracy 
of the computer components. If it occurs 
in the potentiometer settings, capacitor 
values, or resistor values, it may be 
compensated for; hence, the essential 
inaccuracies will result from the nonideal 
nature of the amplifiers themselves.4 Ac- 
cordingly, a brief study of these amplifiers 
will be undertaken. 

Operational amplifiers are of two gen- 
eral types, the first of which achieves high 
gain by means of controlled positive feed- 
back. This is accomplished by applying 
the output of a high-gain stage to a 
cathode follower, which in turn is used to 
drive the cathode of a tube in the high- 
gain stage. Accordingly, positive feed- 
back is incorporated, and the gain becomes 
exceedingly high at low frequencies. The 
essential block diagram of such an ampli- 
fier is shown in Fig. 8. The pole at w, is 
the result of the shunt capacitance at the 
output of the high-gain stage. 

The gain of the amplifier at low fre- 
quencies in the absence of positive feed- 
back is 


(= 
We 
The positive feedback gain is 8B. There- 
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Fig. 5. Frequency-response 
test procedure for arbitrary 
finite-duration transient inputs 


fore, the closed-loop transfer function is 


_ Kr _ 

Eo(s) _ —Kyp 4 we—BK yp 
E,(s) s+w:—BKy 5 

1 ee 

Te aGKs 


The transfer function has a low-frequency 
gain equal to 


he 
—BKp 


and a pole at the frequency w,—BKy. 

The second type of operational ampli- 
fier uses cascaded stages of gain to achieve 
the high gain required. In one typical 
case, the first stage has a pole near the 
origin, followed by a zero at a higher fre- 


quency. The second stage has a pole at . 


that higher frequency. The resulting 
transfer function is 


Ey(s) te (; tae) 
E,(s) 1+s/w1ow 


te 
x, (axes 
7 (; se 


Therefore, to a good approximation, 
operational amplifiers in general have a 
transfer function at low frequencies, 
characterized by 


Ey(s) Ms —K 
1D s) im +s/we 

If an operational amplifier is used as a 
summing amplifier, the input grid volt- 
age L,(s) is governed by the nah ‘ 


_Kike 
1+5/o10w 


(11) 


E,(s)= ES) + £)(s) 


ae Sus 


where £;(s) is the summing-amplifier in- 
put. The input grid-to-ground capaci- 
tance is neglected in this equation be- 
cause its effect is small at low frequencies. 
In addition, this small effect can be made 
negligible by using nominal input resist- 
ance of 50 kilohms instead of 1 megohm. 

The over-all transfer function for a 
summing amplifier is 


Ej(s) —Ry 
E(s)| 4 Rit R\(1+s/a0) 
sum K 
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Fig. 6. Test procedure for obtaining Fouti F 
transform of arbitrary finite-duration transie 


By substituting 1/Cs for R,, the eque bcd 
tion for an integrator is obtained | 


Ex(s) eh 


EXs)| — (1+RiCs)(1+s/ae) 
int ka 


RiCs+ 


The characteristic equation of the sys 
tem of these amplifiers, connected age 
Fig. 7, is ' 


EAS) era 


Bal = | 
Es) | ae | 


int sum 
where it is assumed thatthe input a | 
to the amplifier are determining the meas 
urement _ frequency. If higher-ordd 
effects are neglected (those involving Ei 
and 1/K*) and if w=1/8,C, Ri-w 
then the characteristic equation become} 


2 eee 4 \ RT 
1 = 27 — : 1 
18 (Z) i (Ate. +24) ‘ 
= ( oe as 
Kar we 


Under the assumption that K is large 
this equation can be factored into the form 


(A+ +45) |x 
, wo? Koywe Kay? 
: 4 ate 
[++( ge) [=o 


whereas the ea characteristic eqi ul 


tion is 


1+s?/w?=0 


the desired chatactecut equation boty] 
the internal gain K and the gain-bat 
width product Kw, of the operat 
amplifiers must be large. Most s 
ard commercial operational amp 
have a gain in excess of 104. This 
is sufficient at low measurement ffi 
quencies [below 250 rad/sec (radians pi 
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econd)] to remove those terms depend- 
mt solely upon K and w. In addition, 
several of these amplifiers have a sufficient 
ain-bandwidth product to make the re- 
aining error terms small enough for 
recision measurement. 
j In the case where the operational ampli- 
et does not have a sufficient gain-band- 
vidth product, simple compensation can 
€ incorporated in the connection of the 
aree amplifiers representing the filter. 
ig. 9 shows the computer diagram which 
s modified to include this compensation. 
Pperational amplifier no. 3 has a com- 
ensating resistor in series with the feed- 
ack capacitor. The value of this re- 
stor is set to compensate for the root 
f the characteristic equation at s= 
Kw,/4. This resistor value is constant 
nd independent of the measuring fre- 
gency. After this compensation, the 
haracteristic equation is 


1 2 4 
2( — =0 
B (A+2+4)| 


lence, the damping term is 


1 2a 
K Kwe 


This damping term is usually negative 
nce we<2w, and is of sufficient magni- 
de to require compensation. The 
mount of compensation required is a 
near function of the measuring fre- 
uency, and it is not necessary to com- 
ensate for the first term of the damping 
ecause itis negligible. In order to avoid 
ne use of a third frequency-adjustment 
pntrol, a special positive damping com- 
ensation is used on operational amplifier 
0.2. The 200-ohm resistor and R; form 
voltage adder, which is ahead of the fre- 
jency-adjusting resistance of the stage. 
y using this method of compensation, 
ne value of Re» is fixed for all frequencies at 


2~KweX 100 


he exact value of this resistance should 
» determined experimentally because 
tput impedance of the summing ampli- 
er, slight loading of input resistor, and 
omponent inaccuracies may cause error. 
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The only serious error remaining, al- 
though it is small and has a stable value, 
is that of measurement frequency. 

Therefore, it can be compensated for 
simply by calibrating the frequency- 
adjustment resistances to the corrected 
value of frequency. In other words, the 
loop gain of the 3-amplifier circuit is in- 
creased slightly. 

The means of compensation for the un- 
wanted root, the damping, and the meas- 
urement frequency is one which produces 
a high-precision filter. Slight changes in 
internal parameters will not cause appre- 
ciable errors. The compensation is sim- 
ple and inexpensive, and it should be 
effective to approximately 100 eps (cycles 
per second). 

If the operational amplifiers are being 
designed for use as components of the 
filter, the necessary gain and gain-band- 
width product can be achieved by using 
controlled positive feedback. The band- 
width of a high-gain stage can be traded 
for low-frequency gain. For example, a 
pentode which has a gain of 40 db 
(decibels) over a bandwidth of 100 ke can 
be converted into a stage with a gain of 
100 db and a bandwidth of 100 cps. The 
relation between the original response a 
and the response with controlled positive 
feedback 6 is pictured in the plot of Fig. 
10. The gain-bandwidth product is 
constant, regardless of the degree of 
positive feedback. The gain and the gain- 
bandwidth product of 6 are sufficient 
to make all errors in the characteristic 
equation negligible. 

The need for compensation or special 
design arises only when high accuracy or 
large measurement bandwidth is required 
Hence, their use is not required in most 
cases, 


SAMPLE ANALYSIS OF ERRORS 


To determine the magnitude of errors 
created as a result of nonideal filters, the 
test of a second-order linear plant will be 
analyzed, using filters with damping other 
than zero. Error analysis for a general 
transfer function G(s) is difficult; there- 
fore, it becomes necessary to examine a 
specific system. For purposes of ex- 
amination, a system with the test con- 
figuration of Fig. 2 will be used, except 


Fig. 7. Computer 
diagram for synthesis 
of an ideal filter 


Wierwille—Determination of Frequency Response of Transfer Function 


that the equivalent transfer function of 
the filters will be 


6;(s) a s? sl Dersasenct ee 


In this case, the transfer function of the 
3-amplifier filter is being approximated by 
a second-order system having a resonant 
frequency w, and a damping o,. The 
quantities w, and o, are easily obtainable 
experimentally and will give a good esti- 
mate of the error that can be expected for 
a given model of operational amplifiers. 

The output of the first filter has the 
transform 


Wa 


Ris) =———_ 
(5) S27 +2oqwgs tog? 


Therefore, the time response is 


1 
R(t) =| ——. 
se Grea 


(e —?awat sin waV 1 basd oat) 


Tf o, is small, then 
Ry'(t) =(e~ 72") sin wat 

The corresponding output of the second 
filter has the transform 


w2%a@ 


(s? +2 o2025 ++-e2”)( 52+ 2ogwgst+wg?) 


where w. and o2 are parameters of the 
second-order system being tested. The 
time response is 


C(s)= 


(co2e 2°2")(sin (war/1— o92t —Qq) 


a(o=——}S- 
“ WV 1— 09 A2+4A Bogwg+4B%g?)'/? 


(coqeane ~ 724*)(sin (cae 1— 02*t— 04) 
V/1— 02?(A2+4A Boren +4B%092)'/2 


where 


A =w?— we? 
B=o202— TqWa 


bj 2BugW 1 —70," 


=t 
og —A —2Boquag 
and 
2B 1—o? 
Q=tan=! 2BunV/1— a1? 3 


—A—2Bow, 


If o2>>0, and oq? is negligible, then 
after five time constants of the second- 


Fig. 8. Essential block diagram of an oper- 
ational amplifier using positive feedback 
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% Value at highest measurement frequency 
* C= 


(5:104)*) max 


Fig. 9. Compensated computer diagram for synthesis of an ideal filter 


order system exponential, the response 
may be written as 


: cop2e 74%! sin (wgé—Qq) 
CQ (t) SS 2 1/. 
Le [42+4A Bogwg+4Bwg?| /? 
where 
2B 
Qq=tan= ee OG 
—A—2Baquwg 


If the ratio of R;'(#) and C;,’(é) is taken, 
the magnitude function obtained is 


9? 


[(cx2? — wa”)? +4 c20g2e2?— 
4oqo2Wqw2(wa?twr”)] fa 


(16) 


This quantity is seen to be the actual 
transfer function value with an error- 
causing term in the denominator. 

The phase difference in the two func- 
tions is 


2 a2 qW2 — 20 gw" 


Q,=tan= (17) 


(c2— wa”) — 2oqo2wawe 

This expression has an error-causing term 
in both the numerator and denominator. 

Using the actual magnitude and actual 
phase difference, a numerical example 
can be cited to determine the magnitude 
of the errors. Let it be assumed that the 
system being studied has the parameters 
o2=0.2 and we=10 rad/sec. Results 
of calculations for errors in magnitude are 
displayed in Table I, the maximum num- 
ber occurring at resonance. For o,= 


Table |. Amplitude Error in Per 
«2=10 Rad/Sec and o2=0.2 


Cent* 


wa in Rad/Sec 


a 1.00 10.0 100.0 —‘1,000 
0.050 eh 3 pte: BO pr oe OBE ge 230.08 

0.005 ..... DOs bk, 22651. 70203: +). 70.008 
0.0005.....0.003..... 0.3.....0.003... 0.0003 


* A bar under a value indicates that the computed 
error was slightly less than that shown here. 
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0.005, the maximum error in magnitude 
is 2.5%, well within tolerances for most 
control systems. Similarly, results of 
calculations for phase errors are displayed 
in Table II, the maximum occurring 
above resonance. For o,=0.005, the 
maximum is 0.5 degree. These figures 
are given under the assumption that w, 
is the desired measurement frequency and 
that the two filters are operating at 
exactly the frequency w,. If the two 
filters are operating at slightly different 
frequencies, there will be an additional 
phase error. In practice, this is usually 
not serious because its total effect can 
be made less than 1.0 degree. By match- 
ing the filters, it can be made negligible. 

Thus, with a measuring system damp- 
ing of 0.005, extreme accuracy is obtain- 
able. Many operational amplifiers are 
capable of a value of damping of 0.005 
to well above 25 rad/sec. Ordinarily, 
it is not necessary to obtain phase with 
high accuracy at high frequencies. Under 
this condition, useful results are obtain- 
able to 250 rad/sec or higher without 
damping compensation. 


EQUALIZATION 


In some control systems it becomes 
desirable to use a type of compensation 
when obtaining frequency-domain in- 
formation by the technique described 
herein. So doing, accuracy of the data 
can be assured. In particular, equaliza- 
tion should be used when the transfer 
function being measured does not have 
the property given in equation 18: 


ea G(s)<K (18) 


where K is finite 


Systems not possessing this property have 
pure integration in the transfer function; 
that is, at least one s appears as a factor in 
the denominator. To prevent direct- 
voltage levels from appearing in the fre- 
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Fig. 10. Graph of response of an operations 
amplifier: a, with no feedback; b, ° wi 
controlled positive feedback - 


rt! 


quency-domain data, differentiate th} 
output of the second filter the same num} 
ber of times, m, that s can be factore’ 
from the denominator of the transfd 
function. | 
The low-frequency portion of the raj 
sponse is thus attenuated to easily meas 
urable values. The frequency respons 
obtained from the data with this equalizd 
tion can then be multiplied by 1/(jar 
to obtain the actual frequency respons 
of G(s). In other words, one recone: 
data on an equalizing curve which i 
creases with frequency and then oe 
the information back on a complemente i 
curve which decreases with frequem 
This technique is very useful when dea = 
with open-loop transfer functions whi 
contain integration. , | 
The use of one or two differentiati ol 
does not present a severe problem bd 
cause the functions are being mea: rs 
at low frequencies, allowing the differ 
tiation to be tapered at higher frequene 


i 
Future Work 


An interesting problem in conneaay 
with this work concerns logic equipm ¥ 
that must be used with this ae ‘ 
produce a fully automatic plant obser 
This device would have to sense th 
input function and actuate the obsel rv 
equipment when the correct inpuld 
present. 


Table Il. Phase Error in Degrees* w2.=1} 
Rad/Sec and o.=0.2 
wa in Rad/Sec 
oq 1.00 10.0 1000 1 
C105 te OL eee Oh oa ee 
OF005! Fearee 0.1 Gave as O13 Saintes 0.5) as soe 
0.0005...... 0:01 Sena WU st Ree 5 4 0.05... vee 


* A bar under a value indicates that the comput! 
error was slightly less than that shown here. 
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A second problem, which if solved would 
end the usefulness of this technique, 
that of a statistical study of errors 
perated by using inputs which are 
proximately equal to the test input 
sired. This problem can probably best 
-handled by assuming that noise is 
ded to the input functions of the form 
en by A(t), equation 6. Thus, the 
pre approximate the input function, 
e greater is the error. However, the 
mpling rate is higher, and faster varia- 
pns in the linear plant parameters can 
followed. 


A theoretical basis is presented for ob- 
ung highly accurate complete fre- 


* AN ENGINEER is presented with a 
general linear system, a “‘black box,” 
us say, having an input and an output, 
e first question he will usually ask is: 
hat is (or should be) the relationship 
tween its input and output? This is 
yuestion which can be answered in many 
2 One can determine or prescribe 
le response of the box to impulses or 
=p functions or sine waves, and from 
ese calculate the response to any input, 
wardless of its character. The concept 
re is essentially that of impedance, a 
rm which may be defined in a variety of 
ays, but the central idea of all the defini- 
bns is that, in some fashion, the general 
ationship between the stimulus and 
e response of a system is specified. 
Fixed relationships between input and 
tput also exist in passive nonlinear sys- 
ms, at least those whose characteristics 
e unchanging or which vary systemat- 
ally with time. Apply a certain input, 
id some specific response results. If a 
mputational device is involved which 
irmits the response to be calculated from 
arbitrary stimulus, then this device 
ll have the same conceptual significance 
impedance in linear systems. And 
May, with time, develop a practical 
nificance on a par with the latter. 
The theoretical foundation for aconcept 
nonlinear impedance now exists. 
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quency-domain information of a linear 
transfer function when it is excited by an 
impulse, step, or ramp. 

This theoretical basis is extended with- 
out sacrifice of accuracy to the case where 
the input is an arbitrary transient of 
finite duration, and again complete fre- 
quency-domain information is obtained. 
The method is shown to apply equally 
well to the determination of the Fourier 
transform of an arbitrary finite-length 
transient waveform. 

This theoretical basis is also shown to 
be physically realizable, using commercial 
analog computer components. In partic- 
ular, the problem of low-frequency anal- 
ysis of transfer functions is found to be 
ammenable to this method. An analysis 
of errors is made when the computer 


Determining the Response of Nonlinear 
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Wiener, Singleton,? Zadeh,? Bose, Boon- 
ton,’ Biackman,® and others have pre- 
sented a variety of general theorems re- 
garding nonlinear systems which may be 
considered in this light. They show that 
most of these systems can be represented 
within arbitrarily small error by certain 
infinite series. 

Of these approaches the viewpoint of 
Singleton and Zadeh is perhaps most com- 
patible with the background and _ phi- 
losophy of the engineer. Singleton shows 
that the response of a passive, invariant, 
nonlinear system to an arbitrary input 
can be computed in terms of its response 
to impulses. The procedure is analogous 
to the use of impulse response in linear 
systems. Zadeh expresses Singleton’s re- 
sult in a concise mathematical form, by 
means of a series of integrals of the con- 
volution type, the first term of which is 
the familiar superposition integral of 
linear systems. Their approach actually 
originated with Volterra. Itis particu- 
larly appropriate to slightly nonlinear 
systems such as parametric amplifiers 
and it can be applied to circuits such 
as flip-flops, and more exotic devices such 
as subharmonic generators. 

In this article the approach of Singleton 
and Zadeh is extended in two ways. First 
an explicit method is developed for deter- 
mining the kernels of the integral of 
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components are not ideal, and the method 
is found to give high accuracy even under 
these circumstances. 
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Zadeh’s series. Second, it is shown that 
these kernels can be represented by equiv- 
alent circuits containing linear networks 
and multipliers. Blackman® has proved 
that such equivalents exist in general. 
These equivalent circuits provide the 
engineer with an insight into the function- 
ing of the nonlinear system which is not 
easily obtained from the equations. To 
illustrate the principles involved, two 
simple examples are given. 


The Response Functions 


Fig. 1 shows a sketch of a typical input 
to a nonlinear system, and an approxima- 
tion to it in terms of a large number of 
short rectangular pulses of a uniform 
width At, one adjacent to the next. 
The time ¢ shown on the graph represents 
the moment at which the output is to be 
determined. It is a basic assumption 
here that replacement of the actual input 
with sufficiently fine-grained approxima- 
tion of it, such as is typified by Fig. 1(B), 
will change the output by a negligible 
amount. This assumption is met by all 
real systems, where the response at some 
high frequency eventually falls to zero, 
but it is not met by some of the ideal 
circuits, such as a perfect differentiator, 
It is also assumed that the circuit is stable 
and passive, that it does not change with 
time, and that it has a finite memory. 
The input to the system can be described 
in terms of the heights of the various 
pulses shown in Fig. 1(B). If these are 
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(A) 
Fig. 1. 
A—Input 


labelled xo, «1, etc., as shown in Fig. 1, 
then the output y may be considered 
a function of many variables, i.e., 


y=f(%, M1, ...Xn) (1) 


A function of many variables can be 
represented by a multidimensional Mac- 
laurin series. Although the conditions 
for such a representation can be made 
quite weak (the Wierstrass-Stone theo- 
rem), it will be assumed here that all 
derivatives are continuous and that the 
remainder of the series goes to zero 
as the number of terms becomes infinite. 
This simplifies considerably the problem 
of finding the kernels of the integrals of 
Zadeh’s series. The more complex gen- 
eral problem will not be considered here. 

The multidimensional Maclaurin series 
has the form 


Y=(aoxo+aimi+.. .anxn)+ 
(Goo%o? +aoix%ox1 +... .AnnXn®)+.. 


= D, ORX +> 2 Onjxnxy+. . 


=03=0 
=yrtyvetye+... (2) 


where y,, is the linear term, yg the quad- 
ratic term, etc. The number 7 repre- 
sents the number of variables, and is 
determined by the granularity of the 
multipulse approximation to the input 
as well as by the length of the ‘‘memory”’ 
of the system. 

If the coefficients of all the terms. of 
second degree or higher are zero, then 
the series becomes 


Y=VL= AX Tam +... +anxy (3) 


which is a discrete approximation to the 
superposition integral for linear circuits. 
This may be seen by defining new co- 
efficients fo, dy, ... hy by 

hy. =a; / A (4) 


where A is the length of each of the 
pulses. Substituting in equation 3 gives 
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(B) 


Multiple-pulse approximation of input functions 


B—Multipulse approximation 


yp=hoxAt+tMmxuA+...hntnA (5) 


If A is chosen sufficiently small the 
above sum approaches 


yn =fy Aa(A)x(t—A)dr (6) 


where tis uA. This is the familiar super- 
position integral of linear systems. It 
is assumed implicitly in this equation 
that the excitation starts when ¢ is zero. 

The coefficients of equation 3 represent 
the output of the system for a pulse 
applied at various times in the past. For 
example, the term ao represents the re- 
sponse to a unit pulse of width A which 
has just terminated, while the term a» 
represents the response to a pulse which 
has terminated 2A seconds ago. The 
sequence do, di, dy, ete., represents the 
system response to a single applied pulse 
which is “‘receding into the past’’ and 
the sequence is a discrete approximation 
to the impulse response which is h;(A). 

In nonlinear systems, the higher-order 
terms of equation 2 are not zero. The 
coefficients of the higher-order terms of 
a nonlinear circuit can be determined 
in the same way as the coefficients of the 
equation for a linear system. A very 
weak pulse is applied at first and from the 
response to it, the linear part of the net- 
work response due to the coefficients ag, 
M%, a2, etc., is determined. The strength 
of the applied pulse is then increased, and 
the higher-order coefficients such as a. 
and dz; determined. 

To find the coefficients of the cross- 
product terms, such as ays, it is necessary 
to apply two pulses at different times and 
to. determine the deviation of the response 
from the response which results from 
applying the pulses one at a time. 


Fig. 2. Exponential 
averager followed by 
squaring circuit 
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Mathematically speaking, the wot 
ais is 0%y/O0x,0xs, and similar formull| i 
apply to all other coefficients. In ¢ i 
way ali the coefficients can be determing 
from the response of the system to sing 
and asynchronous groups of puls ‘ 
Then, when all the coefficients have bes 
found, the response of the network to ax 
input, as approximated by the “| | 
rectangular pulses %, %1, 2, etc., cam | 
calculated by substituting into eq es 
To express Vg in equation 2 in inte 
form we define the coefficients hx; = 


4 


ys 

any U 

hrj ne) aC 
| 

and substitute into the quadratic tert 


of equation 2, with the result: é 
.| 

a= [hoox0? + horxo% +. . -hnnXn?] A? eC 
> | 


If the A have been made small enouy 
so that neither 1; or x, change very 7 
from one term. to the adjacent one 
series is represented by the integral | 


ye =f Sc har, de) e(t— Aa a(t — Az) X 


The cubic terms yc of the expansion a : 


| 
| 
| 


represented by the integral 


Ye =f Sc Si hc(Ay,A2,A2)x(E— 1) X 6 | 
x(t — do) 0(E— Az )drArdrod Ag @ 


Continuing to quartic and even higha 
order terms leads to the general equatid 
for the output of a nonlinear system 


y=ytt+yotyetyert+..- 


where yor are defined by equations sit 
ilar to 6, 9, and 10. The sequence 
functions (A), Ae(A1, d2), Ue(Ar, Aas 
may be designated as the response fun 
tions of the system. 

The response functions in the rey 
sentation 11 are defined by eouetil 
itself. Let the input be a very sk 
pulse of unit amplitude and widtk 
occurring at a time \o seconds before | { 
instant ¢ of measurement. Substitutig 
into equation 11 gives as the output 


H(t) =hro)A+ha(Ao, Ao)A?+... 


The function h,(A) is the limit of | 
ratio of the output to A as it approae 
zero, ie., it is Oy/OA. In the same? vi 
ha(ro, rs) is 1/2 (0*y/OA?). If two a 
chronous pulses are applied at \; amt ail 
sec (seconds) before the time ¢, both ¥ wit 
unit amplitude and width A, and 4 
the subsequent response will be 


Squaring 


Circuit. 
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h (a,AQ) 


)=hxr(i)Ar+Az(A2) Ae he(A1, 1) Ar?-+ 
2ha(A1 A2)ArAe+hg(Xz, A2)Ao? (13) 


he cross-product term /ig(Mi, Ax) is 1/2 
ay | OA, OAs). 

Subtracting out the responses that 
ould result if the pulses were impressed 
pne will leave only this cross-product 
multiplied by 2A,;Ao. By applying 
mses in this manner, either physically or 
alytically, the response functions can 
- determined. Specific examples of the 
ocedure will be given presently. 

The higher-order terms of the response 
mctions have properties analogous to 
@ properties of the impulse response. 
the output of a linear system contains 
component directly proportional to the 
put, then the impulse response /,(A) 
ll itself contain an impulse. In the 
e way, if the output of a nonlinear 
stem contains a component directly 
oportional.to the square of the input, 
€ quadratic term of the response 
metion hg(A1, A2) will contain a 2-dimen- 
nal impulse, i.e., 


hi, No) = P5(M, Az) (14) 
lere p is a constant and 
4, Ax) =O for |A1|>0, |A2|>0 (15) 


SG 8(r1, 22)ddr2=1 


3 example, a simple squaring circuit 
the response function 


(16) 


Fig. 3. Surface rep- 
resenting quadratic 
response _ function 
entry Quad- 
ratic component yg 
system output y 
given by integral of 
product of this sur- 
face and input func- 
tion x(t-A1) x(t—Az2) 
over region hi<t, 
<t as specified by 
equation 9 


Systems With Several Inputs 


Equation 11, just obtained for a system 
with one input, can be generalized to 
take into account systems with several 
inputs. Parametric amplifiers fall into 
this class. It is not necessary that the 
inputs have the same character: one input 
can be a voltage, the other a shaft rota- 
tion, the third a hydraulic pressure. We 
will consider here only systems with two 
inputs; the extension to a greater num- 
ber should be clear from the approach. 

If a nonlinear system has two inputs, 
each may be represented by an approxi- 
mation of the type shown in Fig. 1. If 
one of the inputs is designated as xo, .. 


Xn and the other as 2, ... Zn, then the 
output can be expressed as 
F(%0. . ny Zo.» .2n) (17) 


Expansion of this into a multidimensional 
Maclaurin series, and expression of this 
series in integral form, gives 


f(t) =S0 here(d)a(t—0)dX+ 
So fre(d)2(t—d)dd + 
LARIMER rm Oe 
da)drdrs tho So” Harel, do) X 
x(t—d)2(t— Ar) drrdro + 


ele nen Me a 


2(t—dz)dAiddo+... (18) 


The output is a superposition of re 
sponses to each input by itself, plus com- 
ponents representing the cross product 
or ‘‘intermodulation’’ of the two inputs. 

A simple example of a nonlincar system 
with two inputs is a multiplier. Its 
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| henry 
+ 
‘ + 
aa: 
v Vp 
= i + ki 
~ 
Fig. 4. Inductor with nonlinear resistor 


response function is /grz(Ai, 2) =4(A1, 
de). 


Equivalent Circuits 


If two systems have the same response 
functions hz, he, he ..., they are equiv- 
alent. The same input will produce the 
same output from both. The equiva- 
lence can be partial. If both have the 
same /, functions, they will be equivalent 
in the linear component of their response. 
Small inputs will be handled in a similar 
way by both. If hg of both are also the 
same, the linear and the quadratic re- 
sponse term will be identical. The equiv- 
alence of the response will hold for still 
larger signals. The equivalence becomes 
more exact as more and more terms are 
included. For many engineering pur- 
poses, it is sufficient to include only the 
linear and quadratic terms. 


Example 1. Exponential Averager 
With Squaring Circuit 


The problem is to determine the step 
response of a circuit consisting of an R-C 
(resistance-capacitance) network with 
impulse response e~‘ followed by a squar- 
ing circuit; see Fig. 2. The unit step is 
applied at time equal to zero. 

To find the response function we apply 
two short pulses of unit amplitude, first, 
one of length A,, then, a second of length 
As at Ay and Xs sec respectively before the 
time ¢when the output is measured. The 
output y, produced by these pulses is 


Yp= (Aye + Ase™)? (19) 


or 


yp =(Az)2e~2 +2A Age 4 (Ag)2e As 
(20) 


There is no linear term and hence /,() 
is zero. If three or more pulses had been 
applied, all terms would still be of the 
type (An)? or AnAn, and therefore ho(A1, 
de, As) and higher-order terms are also 
zero. Computing 1/2(0*y/0A,’) and 1/2 
(0?y2/A,0A);, reveals that 
hd, de) =e~hi-he (21) 
The output of the circuit with a step 
applied is therefore 
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hla, d,) 


y=So So 6 Mu(t—i)u(t—da)drdre 
=2f5 So? oO 2u(t— ryt — Do) do 


=2fo So? eo ardre 


where u(f) is the unit step function, which 
is 1 for ¢ greater than zero, and zero for 
tless than zero. Evaluation of the above 
integral gives 


y=e **—2e'+1=(e '—1)? 


(22) 


(23) 


This answer could, of course, have been 
worked out in a much simpler way. The 
step response of a circuit with an impulse 
response of e ‘ is 


g=(1—e.’) (24) 


The output of the circuit is the square of 
this, i.e., the same result given in equation 
23. The convolution series is used only 
to introduce the essential ideas of the 
analysis with a simple example. The 
he(\1, Ae) function may be represented 
geometrically as is shown in Fig. 3 for 
equation 21. 


Example 2. Inductor With Nonlinear 
Resistor 


A unit step of voltage is applied to a 
circuit consisting of a linear 1-henry 
inductor in series with a slightly non- 
linear resistor; see Fig. 4. The current 
ato be determined. The resistor is char- 
acterized by 


vp =i +k? (25) 


The resistance acts a little like a recti- 
fier. It presents higher impedance to 
current flowing in one direction than the 
other. The nonlinear portion of the re- 
sistance expressed by the factor k is 
assumed to be sinall. 


192 


Fig. 5. Surface rep- 

resenting quadratic 

response functions 

e 2 for >A. and 
e for \i>)e 


The conventional solution will be ob- 
tained first. The differential equation of 
the circuit, after a 1-volt step has been 
applied is 

di q 

=— tithe (26) 
When this equation is integrated, the 
value of the current is found to be 


(A) 
DLT A Dy 


l—e ‘vit4k 
py VitSK tite 
V1+4k+1 


(27) 


When k is small, we can make the sub- 
stitutions 


(V1+4k—-1)/2k™1—k 
V/1+4k214+2k 
(VY14 4k-1)/V/14+4k +1) Yk 


e 10 +2) ye" (1 — Okt) (28) 
and equation 27 becomes 
i=(1—e *)—R(1--2te7'—e-*) (29) 


where the first two terms represent the 
solution which would be obtained if the 
resistance were linear, i.e., if the factor k 
were zero. The last three terms repre- 
sent the perturbing influence of the non- 
linearity on the output. 

Now, we will solve for the output of the 
circuit using response functions. Since 
we are considering the situation when the 
nonlinearity of the circuit is small, it is 
necessary to evaluate only h,(\) and ho- 
(A1, Ae). To do this we consider the re- 
sponse of the circuit first to one pulse 
alone, and then its response to a group of 
two pulses. ; 

If a pulse of unit voltage and length A 
is applied, its effect is to produce an 
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initial current 7 equal to the length 
pulse divided by the inductance. 

the latter is one henry, the initial c 
is simply the length of the pulse A. 
differential equation of the circuit 
this pulse has been applied is 


gee pera 
il 


where the current 7 is equal to A at f 
to zeru. The solution to this equati 


1 1 


i= = 
(a) Col 
10 A 


We now apply two pulses of unit amp) 
tude, the first of length Ay and occurr 
dy sec before the time ¢, and the secox 
of length As occurring ds sec before 1 
time #. Just prior to the time the s 
pulse is applied, the current 7(f—);+) ) 
the inductor due to the first pulse is 


1 
eae ehf—As_B 
Ay 


oor 


The current i7(t—A;—) immediately af i 
the second pulse is this current plus” 
added currents As, giving a total 


1 


it pe! 
(j+e)e 28 
mals 
which decays according to equatior 
Consequently the current at time ¢ will I 


tut—h\—)=Ag+ 


u(t)= 


The equation is for \y>)s._ Expandi 
it in a power series in k, keeping only fira} 
order terms, yields 


i(t) =(Aye™ + Ase) + R( Age + 
2AsAge-™ + Agte 2) — 
R( Ape! +24 Age! +A,2¢ 9) 


Computing 07/dA,, 1/2 (0%/dAy, 
etc., leads directly to the response fi 
tions 


hr() =e 

ha(M, d2) = heathen 
where 

haa =ke™1-2 


hap = — ke? for \e>)Ay 
=—ke-™ for \y>)eo 


The oq function is shown pictorially 4 
Fig. 3 and the fg, function in Fig. 5. | 
The output of the circuit for a 
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p applied at ¢ equal to zero is therefore 
en by the integrals 


=J0 (e“)u(t—)drx+ 
RSo So out —ry ut 
A2)drrdrot2kSo Sor eu t— 


Ar)u(t— A2)ddiddo (37 ) 


We have made use here of the sym- 
ty of the hg function about the line 
Xg. The last integration is over half 
the positive quadrant of the \1, 5 
ne. The result after integration is 


utig=(1—e *)— 


R(1—2te'—e~**) (38) 


ch is the same result as found in equa- 
29 by the conventional method. 
Owever, in addition to determining 
output of the circuit when a unit step 
pplied, we have also determined the 
onse functions which apply to any 
t. Thus if the input is v(é), the out- 
will be 


Soe (t—r)da+ 
RS0 So e204 vy ot — 
Ra)drodr 2k So S™ et 
A)e(i—Da)drArdr» (39) 


5 is a much more general result than 
obtained by the conventional method. 
his equation can be represented by 
quivalent circuit. The first term ip 
at of an R-C integrator, which is 
esented by the transfer function 
-s. The second term 7g, is the same 
nat of the R-C integrator followed by 
ttiplier which is discussed in example 


Multiplier 


Squaring 
Circuit 


Fig. 6. Equivalent circuit of 


1, The third term may be rewritten as 
ign So €[ F(t)— F(t—2)] (td) dd 
= F(t) So ev(t—2r)dr— 
So e®F(t—r)o(t—)dd (40) 
where F(t) is defined by the equation 


F(t)=2S¢ v(t—r)dr 


Equation 40 is represented by the equiv- 
alent circuit of Fig. 6, where the over- 
all equivalent circuit of the nonlinear net- 
work is also shown. 


(41) 
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Fig. 1. 


estimator may be performed by a modern 
high-speed digital computer. In 1958, 
Kalman and Koepcke'! raised the question 
- of “whether the separate optimization 
of statistical prediction and control- 
system performance yields a system 
which is optimal in the over-all sense.” 
This paper answers the question in the 
affirmative for an important class of 
control problems. 

A linear discrete time plant? obeys 
a vector difference equation 


x(k+1) = &(k)x(k) +A(k)m(k) (1) 


where x(k) is the state vector, m(&) is 
the vector whose components are the 
control signals, ®() is the state-transi- 
tion matrix, and A(k) determines how the 
control signal affects the state of the 
plant.+—> 

In many problems, it is desirable to 
choose m(f) so as to minimize a quadratic 
performance index of the form 


K 
T=) ) x"(b)Qx(b) (2) 
k=1 


for “any initial x(0). In equation 2, 
Q is a positive definite matrix and the 
prime denotes the transpose of a vector, 
or a matrix. The use of dynamic pro- 
graming® allows the determination of 
the optimum control law.’’ This law 
has two important properties. 


a. The optimum control signal m°(k) is 
a linear function of x(k), i.e. 


m°(k) =B°(k)x(k) (3) 


where B°(R) is a matrix which can be 
determined. 


b. If the plant is subjected to additive 
random white noise disturbances and the 
optimum control law, equation 3, is used, 
the system is still optimal in the sense 
that EIx is minimized, where E is the 
expected value operator.’ 


In order to use equation 3 to generate 
the control signals, all components of 
x(k) must be measurable. In many 
practical cases, however, not all of the 
state variables are directly measurable. 
In more quantitative terms, only certain 
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Optimum estimator when m=0 


signals are directly measurable. These 
signals will be called the output signals,”* 
and a linearly independent set of them 
will be denoted by y:(2), yo(k).... For 
a linear plant, the output signals are 
linear functions of the state variables, 
x(e);ci:0 


y(k) =H(k)x(k) (4) 


where y(k) is the vector whose com- 
ponents are y:(k), yo(k)....2% The in- 
teresting case occurs when there are 
fewer output signals than state variables. 
Then H(z) is not a square matrix and 
cannot be inverted. : 

In order for m(k) to be realizable, it 
must be a function only of the measurable 
outputs y(k), y(k—1).... But the 
optimum m°%(k) is a function of x(k). 
The essential problem then is what is 
the optimum realizable m(k). 


Optimum Estimation 


The problem of estimating x(k) from 
a knowledge of y(k), y(k—1)...has 
been considered in various forms by 
many authors. The particular formula- 


tion of interest here is due to Kalman.*8 . 


The optimum estimate of x(k) is defined 
to be the one that minimizes the expected 
value of the square of the Euclidian 
norm of x(k) — x(k), where the estimate 
is denoted by x(k). When m(k) = 
m(k—1)=...=0, the optimum %(Z) 


' can be generated by the system of 


Fig. 1 for a plant subject to a random 
white noise disturbance.8 The system 
consists of a copy of the plant dynamics, 
to which a correction signal is added. 
This correction signal is generated by 
operating on the difference between 
H(k)b(k—1)x (R—1) (the “‘best” estimate 
of y(k) given y(k—1), y(k—2), ...) and 
the true value of y(k) with a matrix 
A%(k). The optimum A°(%) can be 
determined by the methods of reference 8. 
The optimum estimator has four 
important properties: 
1. Let x(k)—x(k)=x(k). Let Y(k) be 
the set of all random vectors that can be 
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expressed as a linear function of y( 
y(k—1).... Then x(k) is orthogonal 
every vector in Y(k), ie., if a is in Vi 
then E[a’x (k)] =0. 

2. The estimator of Fig. 1 is the optim 
linear estimator. 


3. If the disturbance is gaussian, it is 
optimum estimator. 


4. If m°%(k) is given by equation 3,1 


. realizable estimate of m°(k), m°(k) 


minimizes the expected value of the 
of the Euclidian norm of m°(k) —m°(R 
given by 


m°(k)=B°(k) x (R) 


If m(z), m(k—1)... are not z 
is easy to show that the optimum esti 
is determined by the system of Fig, 
When m(k), m(k—1)...=0, F 
is the same as Fig. 2 and th 
x(k)—x(k) is the same x(k) dis 
earlier. When the disturbances and | 
initial value of x(0) equals zero <| 
m(k), m(&—1)... does not equal zq 
it is seen by inspection that x(k)=3 
Thus, by superposition x(k)—x(&| 


of m(j) for all 7 (Property 5). 


The Over-All System 


the optimum estimator, will yield ] 
optimum over-all system. The amsi 
is yes. . 


B°(k) be a sequence of matrices 
the control signal 


m°(k) =B°(k)x(k) 


minimizes 


K 
Ix =>) x(k)Qa(k) 


k=1 


for any arbitrary initial condition. | 

Given the same linear discrete ‘| 
plant, whose state variables no 
not all measurable and which is si 
to a white gaussian disturbance 
x(k) be the vector in Y(), the set 4 
linear combinations of the past outi 
y(k), y(R-1)... which minim 
E|||x(2)—x(&)||*1, where || || der 
the Euclidian norm. 


THEOREM 


Given a linear discrete time pf 
whose state variables are not all mea 
able and which is subject to an add 
white gaussian disturbance, the realiz 
control signal which minimizes 


SEPTEMBE 


K 
<=E) > x'(k)Qx(k) 
k=1 


given by 
(2) =B°(k) x(k) (9) 


(Proof: Assume momentarily that the 
Bturbance is zero and let 


K 
DE xQx(2) (10) 
wo kN 
o let 
Jy (11) 


en m(k) = m°(k) 


the principle of optimulity, fy is 
absolute minimum of Jy. If there 
no disturbance, Jo=x’(K)Qx(K) is a 
adratic form in x(K—1) and m(K—1). 
s, Jo can be written as 


x/(K—1)Px(K—1)+x(K-1)x 
Sm(K—1)+m‘(K—1)Rm(K—1) (12) 


ere R and P are symmetric matrices. 
e m(K—1)=m°(K—1) minimizes 


=0=2(K=1)s:t2m°'r, (13) 


m=m 

pre s; and r; are vectors whose com- 
ents are the components of the 
column of S and R, respectively. 


(14) 


fo=m'(K—1)Rm(K-—1)— 
m°(K—1)Rm°(K—1)— 
2m°(K—1)R[m(K—1)—m°(K~—1)] 
=[m'(K—1)—m°K—-1)]RX 


[m(K—1)—m°(K~—1)] (15) 


w, if a white gaussian noise dis- 
bance u(K—1) is added to the plant, 
is a quadratic form in m(K—1), 
—1), and u(K-—1). 


x’Px+x’Sm-+m/Rm-+u’/Fu+ 
u’/Gm-+u’Dx (16) 


re the arguments have been dropped 
porarily 


= E[x’Px+x’Sm+m/Rm]-+£[u’Fu] 
(17) 


the other terms have dropped out 
wise u(K—1) is white and, hence, 
orrelated with x(K—1) and m(K—1). 


fl =E{ [(m(K—1)—m°(K—-1)] X 
R[m(K—1)—m°(K—1)]} (18) 
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Fig. 2. Optimum estimator when m #0 


Now m(K—1)=m°(K—1) is shown 
to minimize the foregoing expression 
and, therefore, Jo. 

First: Since fo is the absolute minimum 
value of Jo, Jo—fo>0 whenever m(K— 
1)4m°(K—1). Thus, from equation 
15 it is obvious that R is a positive 
definite matrix. 

_ Second: Let m°(K—1) =m°(K—1)+ 
m°(K—1) 


E[Jo—fo] = E[(m'—m°’—m°’)X 
R(m—m°—m_°)] 
=E[m°’Rm°+(m’—m°’)X 
R(m—m°)—2m°’R(m—m?°)] (19) 
Now, m°(K —1) is a linear combination 


of the x(K—1) and m°(K—1) is in 
Y(K—1). Thus, by property 1 
E[m°’Rm_°] =0 (20) 


Also for m(K—1) to be realizable, it 


must bein Y(K—1). Hence, 
E{m°’Rm] =0 (21) 
and 


E[Jo—fo] = El[m°?/Rm°+ 
(m'—m°’)R(m—m?°)] (22) 


Since the first term on the right is inde- 
pendent of m, and R is positive definite, 
the value of m which minimizes E[Jo—fo] 
is given by 


m(K—1)=m°(K-—1) (23) 


By the principle of optimality, this is the 
value of m(K—1) which minimizes J. 


To continue 


J,=x'(K—-1)Qx(K-—1)+Jo 
=x'(K—1)Qx(K—1)+fot[m/(K—-1)— 
m°(K—1)]R[m(K—-1)—m°(K—-1)] 
(24) 


In the absence of disturbances, the first 
two terms on the right are quadratic 
forms of x(K—2) and m(K—2) and, 
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therefore, in complete analogy with the 
preceding work. 


E(i—fi] = E{ [m(K—2)—m°"(K—2)] X 
Ri[m(K—2)—m°(K—2)]} + 
E{ [m'(K—1)—m°"(K—1)] X 


R[(m(K—1)—m°(K—1)]} (25) 


By the principle of optimality, the 
minimum value of E[Ji—fi] is 
Min 
m(K —2) 
Ri[{m(K—2)—m°(K—2)]+ 
Em°(K—1)Rm%(K~-1)} 


{E[m'(K—2)—m°"(K—2)]X 


(26) 


Note that by property 5, m°(K—1) does 
not depend upon m(K—2). Thus, the 
optimum value of m(K—2) is the one 
which minimizes E[m’(K—2)—m°% 
(K — 2)]Ri[m(K — 2) — m°(K — 2)]. 
Hence, the optimum m(K —2) is given by 
m(K—2)=m°(K—2) (27) 

Clearly, there is now proof by induction 
that the optimum realizable m/(&) is 
given by 


m(k) =m°(h) (28) 


This completes the proof. 


REMARKS 


1. The theorem allows the design of a 
control system to be broken into two 
independent design problems: (1) the 
determination of the matrix B°(k), which 
is a problem that is solved in reference 1, 
and (2) the determination of a system to 
generate x(k). Such a system is shown in 
Fig. 2 where only the matrix A°(k) is 
unknown. The problem of determining 
A°(R) is solved in reference 8. Thus, a 
complete design procedure is available. 


2. The theorem could be extended to 
include performance indices of the form 
K 
T=) [x/(R)Q(e)x(k) +mn/(2)P(E)m()] 
k=1 
(29) 
3. By property 2, m°(k) is the optimum 


linear-control signal if the disturbance is 
nongaussian. 
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4. Nonwhite inputs and disturbances 
can be handled by considering them to be 
the outputs of a linear dynamic system 
excited by white noise.’? The control 
system is then designed by considering an 
augmented plant, consisting of the original 
plant plus the fictitious linear dynamic 
systems, which generate the noise. Non- 
regulator problems can be handled by a 
similar technique. 


Conclusions 


If the controller and the estimator are 
independently optimized, an optimum 
control system, with respect to a quad- 
ratic performance criterion, results. Since 
techniques are already in existence for 
optimizing controller and estimator, in 


single and multivariable, stationary and 
nonstationary plants, a systematic general 
method of designing linear discrete data 
control systems, which are subject to 
random inputs and disturbances, is 
available. 
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Phase-Space Analysis and Design of 


Linear Discontinuously Damped 
Feedback Control Systems 


K. W. HAN 
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INEAR SYSTEMS can be designed 

having very fast responses with essen- 
tially deadbeat performance by the in- 
clusion of compensating loops which are 
switched in and out of the system as 
required. Fast response is obtained by 
using an unstable or nearly unstable un- 
compensated system to provide the de- 
sired rise time. Deadbeat performance 
is obtained by designing the compensa- 
tion loops so that they provide an over- 
damped system when the compensa- 
tion is switched in. Selection of the 
real roots for the overdamped system is 
based on the desired location of the 
eigenvectors in the phase space. A 
switching computer is required which con- 
nects the compensation loops as the 
state point reaches a hyperplane which is 
related to the eigenvector in a special way. 
The computer is readily realized from 
derivative signals and considerable en- 
gineering simplification is permissible in 
both the compensation design and the 
switching computer because of the topo- 
logical nature of the phase portrait in the 
vicinity of properly chosen eigenvectors. 
Experimental results verify the theoretical 
conclusions, 
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Nomenclature 


¢=damping factor 

E=error 

Oz=input quantity 

6¢=output quantity 

N, n=integers 

A, a=coefficients 

y=root of characteristic equation 

7=pole of open-loop function 

s=Laplace operator 

P;=location of the state point in the phase 
space at the switching instant 

G(s)=open-loop transfer function in the 
forward path 

H(s)=open-loop transfer function in a 
feedback path 

K=forward gain of open-loop system 


Theoretical Background 


It is clear from linear theory that a 
feedback control system with high gain 
has fast response and is accurate in both 
static and steady states. Unfortunately, 
high gain is usually accompanied by light 
damping with consequent oscillatory 
transient response. Various investigators 
have proposed schemes which essentially 
vary the damping as some function of the 
error to obtain small ¢ when the error is 
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Paper 61-828, recommended by the AIEE ~ 


large and vice versa. Perhaps the sj 
plest and most obvious approach i 
of varying the gain of the main am 
as suggested by Blumenthal and 
Another early and attractive prop 
that of Lewis,? which uses a nonlinear 
nal to produce a smooth variation 1 
throughout the range of operating it 
Other proposals have suggested 
continuous change in ¢. Two such] 
vestigations have dealt with relay serya} 
where the damping loop was perma: 
connected but was operative only 
relay dead zone. Still others have 
concerned with switching in a fee 
loop. Fliigge-Lotz® and Taylor pr 
to alter both position and velocity 1 
back in step fashion according to < 
determined schedule which is implemer 
by a fairly complex computer. Meik 
proposes switching in main feedback 
from positive feedback for fast ris 
to negative feedback for good dan 
For second-order systems switching 
an eigenvector is easily instrumented, |} 
gain design suitable for overdam 
dynamic response may not be comp 
with static accuracy requirements. 
third-order systems eigenvector ( 
mathematical definition see referet 
switching is recommended. (In te 
phase-space trajectories it may be & 
A linear differential equation has onlyy 
singular point; for each real root off 


back Control Systems Committee and appt 
by the AIKE Technical Operations Departn 
presentation at the AIEE Summer Gener: 
ing, Ithaca, N. Y., June 18-23, 1961. Mai 
submitted May 3, 1960; made availa 
printing April 25, 1961. 


K. W. Han and G. J. Tuater are both 
U.S. Naval Postgraduate School, Montere; 


SEPTEMBE 


ferential equation there is one eigen- 
ector; each eigenvector appears in 
e phase space as a phase trajectory 
hich is a straight line through the sin- 
ilar point.) The mathematical develop- 
ent of the switching criterion follows 
e matrix methods of Bogner and Kazda’ 
id leads to a rather complex switching 
mputer, with two switching operations 
normal operation, though simplifica- 
bn of the computer and use of only one 
yitching operation applies under special 
nditions. Another discontinuous damp- 
g scheme is proposed by Ostrovskii,® 
© suggests switching in feedback paths 
alter the coefficients of the closed loop 
erential equation. The results reported 
this paper, withadvantages as indicated, 
e an extension of this latter concept. 


il 


hase-Space Analysis 


The differential equation of an Nth 
der linear feedback control system may 
expressed as 


E+A\E+A.#+...4,_,E*™1+4,K” 
=f(6r, Op. . ») (1) 


ne characteristic equation has roots, 
nich may be real, imaginary, or complex 
pending on the values of the A’s. 
nagine two sets of values for the co- 
icients, where a dominant pair of roots 
deliberately set near the imaginary axis 
provide a suitable rise time for one set 
d all roots are real and negative for the 
ond set. Since both equations are of 
© same order their phase portraits may 
studied in the same phase space. For 
© underdamped case the singular point 
a focus and the phase trajectories con- 
ge on this focus. When the system is 
ble all trajectories ultimately reach 
e Origin of the error phase space provid- 


The system is type 1 and is excited by 
al conditions and/or a step displace- 


conditions and/or a step displace- 
and/or a ramp function, etc. 


the overdamped system (all real nega- 
le roots) the entire phase space is filled 
th trajectories which terminate at the 
in (for the previously mentioned con- 
ons) and most of these trajectories 
it a monotonic variation. It is well 
n that for each of the real roots there 
eigenvector, which corresponds to a 
trajectory that isastraightline. It 
sible to construct hyperplanes so 
sach hyperplane corresponds to an 
nvector and also contains a subset of 
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complete phase trajectories. When the 
hyperplanes containing a complete sub- 
set of phase trajectories are chosen they 
subdivide the phase space into regions so 
that no phase trajectory can pass out of 
one region and into another, Thus the 
hyperplanes act as boundaries which 
funnel the phase trajectories into the 
origin. 

During the operation of the system only 
one of the two equations can be effective 
at a given instant, but for purposes of 
analysis it is assumed that both families 
of phase trajectories exist simultaneously, 
At every point in the space, two trajec- 
tories, and only two, intersect ; one curve 
is from each family. If a step displace- 
ment is applied to the underdamped sys- 
tem the state point follows a selected 
trajectory which intersects an infinite 
number of phase trajectories of the over- 
damped system. If the proper compensa- 
tion circuits have been devised to change 
the coefficients of the characteristic 
equation from the selected underdamped 
case to the selected overdamped case, 
then the switch inserting these may be 
thrown at any time and the state point 
transfers smoothly from the under- 
damped trajectory to the intersecting 
overdamped trajectory. To prove this 
it is only necessary to note that the co- 
ordinates of the state point at the switch- 
ing instant are 


Po (Ee Fae Ho. Bee) 


Now this point lies on both phase trajec- 
tories and thus satisfies both character- 
istic equations. All derivations are con- 
tinuous except the mth, in which dis- 
continuity is permissible. Note that this 
condition applies for any arbitrarily 
selected switching point, and as a result a 
transientless switching operation is always 
obtained. 

To provide automatic switching at the 
preselected point, note that a straight 
line through the origin of the phase space 
and through the selected switching point 
has direction numbers 


Es, Es Ei, iG Sy OF eke 


and the symmetric equations of this line 
are 
freee 5 aed ial il 


a ee eee (2) 
Es 1D 1a Be 


This is not a convenient form for im- 
plementation of a switching computer, so 
it is noted that hyperplane containing 
this line is given by 


aLt+aEH+ak+...an_.E"1=0 (3) 


where the coefficients a, a, etc., are 
chosen so that 
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aEs+aEs+a2kst...dn_1E,"~=0 (4) 


Equation 3 indicates that the only switch- 
ing computer needed is an adding ampli- 
fier, provided that all of the derivative 
signals are available or can be generated. 
Such a switching computer is sensitive to 
all of the points on the hyperplane de- 
fined by equation 3 and it is necessary 
that this hyperplane be carefully chosen if 
specified performance is to be obtained. 
When a step displacement input is the 
only input to be considered only those 
phase trajectories starting on the erroraxis 
are important. Assume that a switch- 
ing point on one of these step response 
trajectories is chosen to define equations 
2, 3, and 4, All other step trajectories 
pierce the hyperplane of equation 3 along 
a straight line through the origin which 
may be considered a mapping of the E- 
axis in the hyperplane. Thus, for step 
displacement inputs, only a line in the 
hyperplane is actually used for switching 
and any other hyperplane which contains 
this line may be instrumented and used if 
more convenient. Note that while the 
step response is insensitive to the hyper- 
plane chosen, the response to other inputs 
is affected. It should also be noted that 
a computer designed to implement equa- 
tion 3 produces an output of which the 
sign (or polarity) depends on the sign or 
direction of the step input. Then for use 
with a polarity sensitive relay a satis- 
factory switching equation is 


E(wE+anE+aE+...an1E"~)=0 (5) 


Several practical modifications of this 
are discussed in a later section. 


The system is discontinuously damped 
because the operation of the switch intro- 
duces circuits which change the roots from 
complex values to real, negative values. 
Nevertheless the system may be consid- 
ered linear for step displacement inputs. 
Note that the switching hyperplane sub- 
divides the phase space into two regions, 
and in each region the system is com- 
pletely linear but in each region a differ- 
ent linear differential equation applies. 
However, the switching is a straight 
line through the origin of the phase space, 
and this insures that the initial conditions 
after switching are always directly pro- 
portional to the magnitude of the step. 
This leads to the following character- 
istics: 

1. The rise time to the switching point 
is the same for all magnitudes of step. 


2. The settling time of the composite 
system is constant. 


83. The per-cent overshoot, if any, is 


constant. 
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(A) EIGENVECTORS 


Fig. 1. 


EIGENVECTORS 


(B) 


Phase plots of a third-order system with discontinuously damped feedback 


Be+2.208+0.546.+ 8. =Or (underdamped) 


Oc+3 54+3.56c-+0c=0R (overdamped) 
A—Switching in the hyperplane 
B—Switching not in the hyperplane 


These features are independent of the 
choice of a switching line, but the nu- 
merical values associated with each de- 
pend very much on this choice. Since the 
purpose of discontinuous damping is to 
permit a very fast rise time with deadbeat 
(or nearly deadbeat) response and a mini- 
mum settling time, the following consid- 
erations are important: For fast rise time 
switching should be delayed until E is as 
near to zero as is permissible; for deadbeat 
response due to the heavily damped sys- 
tem, a trajectory must be selected 
which is nearly a straight line to the origin 
(i.e., a fast eigenvector if this is possible) 
‘since departure from this choice leads to 
the long-tailed response (long settling 
time) characteristics of overdamped sys- 
tems. 

For second-order systems switching on 
the eigenvector is possible and practical. 
For higher order systems the trajectory 
of the underdamped system selected 
by the step displacement input does not 
pass through that line in the phase space 
which is the desired eigenvector and there- 
fore the optimum trajectory is not avail- 
able. However, for each eigenvector 
there is a hyperplane which has a sub- 
set of trajectories lying entirely in it and 
these trajectories become tangent to the 
eigenvector at the origin. In general the 
equation of this hyperplane is known to 
be one order lower than the characteristic 
equation and is formulated by removing 
the root corresponding to the eigenvector. 
Thus, 


i=n t=n 
E47 E"24+,..4][ rE=0 (6) 
t=2 1=2 


is the equation for the hyperplane for 
removed 7. It is also the defining equa- 
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tion for the switching computer needed 
to introduce the discontinuous damping. 

Fig. 1 shows two phase portraits on the 
Eversus E plane for an overdamped third- 
order system. Note that in both cases 
the three eigenvectors can be located, 
and are straight lines as expected. Fig. 
1(A) was obtained so that all of the trajec- 
tories around the eigenvectors lie only 
in the hyperplanes associated with that 
eigenvector. For Fig. 1(B) the initial 
conditions were chosen so that the trajec- 
tories are in the vicinity of, but not ac- 
tually in, the hyperplane. 


Theoretical Considerations 


In the design of a discontinuously 
damped system of this type, three theore- 
tical, (and other practical) problems 
arise, such as the design of the uncom- 
pensated and compensated linear systems, 
the selection of the hyperplane, and the 
design of the switching computer. Gen- 
erally the uncompensated system is of 
single-loop design with gain set to satisfy 
both the steady-state accuracy require- 
ments and the rise time requirements. 
The resulting system is expected to 
be very lightly damped, perhaps un- 
stable. As far as theory is concerned 
an unstable system is permissible; in 
practice however, a stable system is 
more desirable because of the possibility of 
a failure in the switching loop, so some 
fixed compensation may be used. The 
design of the overdamped system is ac- 
complished very simply by arbitrarily 
selecting a suitable set of real roots and 
evaluating the coefficients of the corre- 
sponding characteristic equations, and 
then computing the gain constant for 
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(H(s)=1+As+Bs?+...+Ms™ 


0=5" (np... 


the various derivative signal channel 
which must be used as compensator 
When the input signal is restricted 
step displacement input, the derivati 
error are numerically equal to the d 
tives of the output signal except for 
factor of —1.0. The generalized bloc 
diagram is as shown in Fig. 2. The eg 
tions (assuming that G(s) has no zero 
are 


K — 
s"+(m+ret. fb jst t+. wa +5 


(717273. a, )s* f 


G(s)= 


and the composite feedback functio 
when the switch is closed is | 


where n>N, and normally »=WN. + 
Theny ) | 
K(1+As+Bs?+...+Ms™)_ 
GO a eee )s" 2+. | 


x j 


« 


(rite7s. o- )s 


and if »=N-+1 the characteristic equ . 
tion becomes 
> a 

O=s"+ (trot... +KM)s” + ] 
...(ritet3 +KX)s*+...KBs?+KAs Ei 


For a type 1 system X=1 and the chai 
acteristic equation becomes ] 


(rim... +KA)s+K (Hh 
4 / 
All 7’s are known from the uncompenss 
system; K is known; and each desiri 
coefficient is known from the arbitrag 
selection of the real roots. Thus, eag 
coefficient in equation 11 may be equai 

to the corresponding coefficient for | 
desired overdamped system and A, B,, 
... N are evaluated. The choice of re 
roots is based on a desire to obtain ré 
damping of the response during the 
damped mode of operation. To ob 
this, one, and only one, of the real ro 


Lee ee 


Fig. 2. Geneisfized block diagram for 
order system with discontinuous feed 
compensation 
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osen is quite small; all others chosen 
= quite large. This combination gives 
e to an eigenvector, which projects on 
ithe £ versus £ plane at a relatively 
all angle to the H-axis. The hyper- 
Ane associated with this eigenvector 
sed as the switching surface. When 
iis is done the initial conditions at the 
itching instant cause the residue at the 
gallest root to go to zero. Thus, the 
tling time is controlled solely by the 
ge roots and as a consequence is quite 
all. To show that the smallest real 
Dt does not appear in the transient 
ponse after switching, consider a 
d order system for which the differ- 
ial equation is 


(itre+rs E+ (nretnirs+rers)E+ 
11for3. —()) (12) 


d the real roots are 1<1r2<r3. 
quation 12 has a solution 


)=fie "!’+Bre "2+ Bs 73! (13) 
ere 
¥o%3F s+ (ro+r3)Es +E (14) 


(r2—11) (173 —nr) 


Es, and Es are the initial conditions 
H 62 and #3 are not relevant to this 
ssion. Now the hyperplane at 
ich switching occurs is chosen to be 


E+ (r+n)E+E=0 (15) 
erefore, when switching occurs at any 
nt in the hyperplane, the initial condi- 
at that point force the numerator of 
ation 14 to zero, and the B,e~"! term 
appears from equation 13. This is 
>for any order equation. For a third- 
er system such switching reduces the 
ponse to a second-order response. 
is, motion is in the hyperplane. For 
her order systems motion is confined 
nh subspace of order M-1. Since every 
nt on the resulting phase trajectory 
sfies equation 6, the switching com- 
er output remains at zero and the 
tch has no tendency to reopen. 

ne function of the computer is to op- 
e the switch when the state point 
es the selected hyperplane. Thus, 
ation 6 must be mechanized, which is 
tively simple since it may be assumed 
t all derivative signals have been made 
able to provide the compensation 
>. All that remains in the scaling of 
magnitudes of these signals to provide 
coefficients defined by the chosen roots 
the overdamped system. This can 
ally be done with potential dividers. 
m the signals are totaled to formulate 
ation 6 and the summation signal is 
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fed into a circuit which operates a relay 
when the signal goes to zero. One way 
for the polarity-sensitive relay circuit to 
recognize the difference between positive 
and negative steps is to multiply equa- 
tion 6 by E. This complicates the com- 
puter mechanization, however, and for 
many applications other methods may be 
substituted. For an nth order system, 
equation 6 is the equation of the hyper- 
plane, which corresponds to the eigen- 
vector, and thus is the defining equation 
for the switching computer. If this 
hyperplane is used as a switching surface 
for step displacement inputs, then each 
phase trajectory starts on the F-axis and 
pierces the hyperplane at some point 
which may be called a switching point. 
The loci of these switching points form 
a straight line on the surface of the hy- 
perplane which passes through the origin. 
Only the points on this line are used in 
switching. Therefore, if any other hyper- 
plane can be instrumented in the switch- 
ing computer so that the new hyperplane 
intersects the switching hyperplane along 
a trace which is exactly the switching line, 
then the operation of the new switching 
hyperplane is exactly correct for step 
displacement inputs. Since the switch- 
ing line isastraight line through the origin, 
its projection onto the E versus E plane 
is also a straight line through the origin. 
The equation of this line is readily com- 
puted and is of the form 


E+AE=0 (16) 


A switching computer to instrument this 
is a very simple adder, and because of the 
simplicity the coefficient A may be set 
by adjustment rather than calculation. 
The surface thus defined is a hyperplane 
which (in the 3-dimensional case) is per- 
pendicular to the #H versus E plane. 
When switching occurs in response to a 
step input, the state point does not re- 
main in the surface defined by equation 
16, but in the surface defined by equation 
6. Thus, the switching computer de- 
velops an output and the relay will re- 
operate unless proper precautions are 
taken in the design of the switching com- 
puter. 


‘Analytic and Computer Verification 


SECOND-ORDER SYSTEM 


Consider the block diagram of Fig. 
3(A) with transfer function as given in 
the blocks. The differential equation of 


the system without compensation is 
£+2.6E+64E=0 (17) 


for which 
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(B) 


A 


(C) 


Fig. 3. Block diagram and phase-plane plots 
of a second-order system with discontinuous 
tachometer feedback 


A—Block diagram 
B—Wéith moderate tachometer feedback 
C—With large tachometer feedback 


Fig. 4. Analog computer set up for a second- 
order system with discontinuous tachometer 


feedback 


199 


+ ++ $1 
0 0.2 0.4 0.6 0.8 1.0 


T IN SECONB 


Fig. 5(A). Analog computer plots for a 
second-order system with discontinuous tach- 
ometer feedback 


1—underdamped 
9—discontinuously damped 
3—overdamped 


te) 0.2 0.4 0.6 0.8 10 
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Fig. 5(B). Transient response for various 
magnitudes of step input 


7 
(3) (1) !2) 


(af 
Fig. 5(C). Illustration of the effects of 
variations in the switching computer adjustment 


1—Switching on the eigenvector 
2—Switching early 
3—Switching later 
4—Switching too late 
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f= 0.162, on = 8 


For the compensated system with H= 


0.3 the equation is 
£+21.8£+64=0 (18) 


for which the real roots are at —18.3 and 
—3.5,. Horii —0.96 


- —E464E+64=0 (19) 


and the real roots are at —0.995 and 
—63.0. For the second-order system 
the eigenvectors of the overdamped 
equations are in the EZ versus £ plane, 
and thus can be used as switching lines. 
The two eigenvectors can be located 
easily since they are precisely those 
isoclines for which the slope of the iso- 
cline is identical with the slope of the 
trajectory and also is the value of the 
real root. To illustrate this, Fig. 3(B) 
shows an isocline plot for equation 18, 
and Fig. 3(C) shows an isocline plot for 
equation 19. Typical trajectories for 
operation as a discontinuous system have 
been constructed and it is apparent that 
slight inaccuracies in switching do not 
cause a significant difference. 

This system was simulated in the ana- 
log computer as shown on Fig. 4. The 
switching line is instrumented very sim- 
ply as a summer amplifier operating a 
normally closed 2-position relay. When 
the step is applied the relay automatically 
opens and remains open until the eigen- 
vector is reached, at this point the relay 
voltage reduces to zero and the relay drops 
out, closing the damping circuit. For all 
points on the eigenvector this voltage 
sum remains zero and the relay is not 
actuated. The relay is sensitive only to 
magnitudes, so no additional devices are 
required to distinguish between positive 
and negative steps. Fig. 5(A) compares 
the step responses of the underdamped, 
overdamped, and discontinuously damped 
systems. Fig. 5(B) shows the transient 
responses obtained with various magni- 
tudes of step input, and Fig. 5(C) shows 
the effect of variations in the switching 
computer adjustment. The slope of the 
switching line is readily adjusted by 
changing the magnitude of the velocity 
signal fed to the computer. Fig. 5(C) 
indicates that a wide range of adjust- 
ment is permissible without significant 
changes in the response. This, however, 
is due more to the characteristics of 
the switch and computer than to the 
phase-plane topology. Curve 7 in Fig. 
5(C) is the eigenvector trajectory and the 
system operates as predicted, with no 
additional operations of the relay, For 
earlier switching the trajectory should 
seek the slow eigenvector and thus should 
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be concave upward. Actually the 
viation of the trajectory from the sw 
ing line caused the relay to reope 
peatedly so that the trajectories s 
are due to the system chattering 

the switching line. For late switch 
the trajectories, in this case, are so m 
straight that the relay did not re 
ate until the switching delay prod 
curve 4 and reversion to the underda 
condition then caused a tremendous 0 
shoot. Thus, this particular choice 6 

switching scheme permits early switchin 
over as wide a range as desired, pro 
that relay chatter is acceptable. 

actual trajectory obtained with 

chatter provides a faster response t a} 
would be obtained if it were possible -| 
follow the overdamped trajectory 
the same initial switching point. 

switching is obviously dangerous in 1 
case. The width of the permissive Z 
for late switching depends on the sen 
ity of the relay-switching computer un 
and if the gain of this circuit is high, lad 
switching may not be acceptable at 
because of the possibility of reoper: 
of the relay, which would cause a 
overshoot. 


THIRD-ORDER SYSTEM 


The block diagram of Fig. 6(A) show 
the system and transfer functions. Tl 
roots of the uncompensated system aq 
at —0.180, and —0.0006+ 70.0625. £ 
the compensated case the roots we} 
chosen at —0.0115, —0.178, and — 
from which the gains required in the 
back path are H=44.5 and M= 
Fig. 6(B) shows the analog compute: 
plementation including the switchin, 
cuit which once more is just a sui 
amplifier driving a normally closed 
Note that a normal differentiator-anyy 
fier and a simple R-C circuit were used 
obtain the required signal. This w 
done because practical applications nq 
mally require the simplicity of the A 
approximation, and therefore it is 1] 
portant to know whether the added 
disturbs either the damping or the sv 
ing. Also, a performance compe 
between the exact and approximate §% 
tems seemed necessary. } 

Fig. 7(A) compares the transient | 
sponses of the overdamped, underdampj| 
and discontinuously damped systems, ad} 
Fig. 7(B) compares the frequency 
sponses. In Fig. 7(B) curve 1 is 7 
frequency response of the underdamp 
system, and also of the discontit t 
system when the relay of switch J} 
negligible dead zone. (With sinusoi)j 
input, all steady-state signals vary pert} 
ically and equation 6 is satisfied | 
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G=M*s%Hs 
2 
_ i ae 0.00728 He: 
a | S(S+0.0285 )(S+0.1527) 


g. 6(A). Block diagram of third-order 


system 


BR 
+ 


ifinitesimal time on each cycle. So 
ne damping is inserted for essentially 
ero time.) When the relay has a small 
ut appreciable dead zone, the discon- 
muous damping is quite effective and the 
equency response is curve 2 for a wide 
ange of signal amplitudes. In the spe- 
fic case tested for a range of test signal 

plitudes of 0-50 volts (above this the 
mplifiers saturated) curve 2 was ob- 
ined for all amplitudes from 7 to 35 
pblts. For amplitudes between 35 and 
) volts the system became underdamped 
ad approached curve 1. For ampli- 
ides from 7 to 0 volts the frequency re- 
bonse approached the overdamped condi- 
on of curve 3. In taking the data many 
tput waveshapes were distorted, and 
ne amplitude of the fundamental was 
timated. The R-C differentiation was 
ot used for these curves. The phase 
ane is used in Fig. 8 to show the effect 

the R-C differentiator on the system 

ponse. It is readily seen that the 
erformance using the RC circuit is negli- 
bly different from that using the theo- 
tically exact relationships. Early and 
te switching can also be accomplished 

this case merely by adjusting the co- 
ficient of the E term in the switching 


(2) 


i T IN SECOND 
. H(A). Third-order system transient re- 
sponse for a step input 


1—Underdamped 
: 2—Overdamped 
\ 3—Discontinuously damped 
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Fig. 7 (B). Frequency respose of a third- Fig. 
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Fig. 6(B). Analog computer setup for a third-order system 


Scaling, a’t=0.09, a£ =a6i= abo =0.03, afo=0.02, alo=0.01, «90=0.06, au=0.2 


equation. The results are essentially the 4, 
same as for the second-order case (see Fig. E s 
5(C)) and the same comments apply. 


23,774 


~ §(s-+8)(s+11.55+711.8)X 
(s+11.55—J11.8) 


(20) 


FOURTH-ORDER SYSTEM From this the roots of the uncompensated 


To extend the theory to higher order 
systems, to verify its applicability to 
actual physical systems, and to investigate 
the need for (and the effect of) practical 
approximations to the mathematical re- 
quirements, a closed-loop positioning 
servomechanism was assembled. This 
consisted of a d-c amplifier, amplidyne 
generator, and a 1/4-horsepower shunt 
motor in cascade. Direct-current ex- 
cited potentiometers were used for an 
error detector. The load was a large in- 
ertia and a d-c tachometer was attached. 
The gain was set to provide a stable, but 
badly underdamped system. Open-loop 
frequency response tests provided a trans- 
fer function 


Fig. 8. Comparison of response using R-C 
differentiator (broken line) instead of com- 
puter differentiator (solid line) 


% 0.4 0.8 1.2 1.6 2.0 
T IN SECOND 


9. Step response of a fourth-order 
system 


1—Underdamped 
29—Overdamped 
3—Discontinuously damped 


order system (computer setup) 


1—Underdamped 
2—Discontinuously damped 
3—Overdamped 
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Fig. 10. Comparison of response 


4—Using hyperplane switching 
9—Using E versus E switching 


Fig. 11. Effect of switching time on response 
(computer study) 


systemare at —0.35+j8 and —15.15+- 
711.89. During the tests RC differentiat- 
ing filters were cascaded with the tachom- 
eter and various derivative signals ob- 
served. The second derivative signal was 
quite noisy and the third derivative 
signal was too noisy for use. Therefore 
it was decided not to use the third de- 
rivative signal at all, and preferably not 
the second derivative signal. However, 
it is easily shown that the system cannot 
be overdamped using tachometer feed- 
back only, but using both first and second 
derivative feedback roots can be placed 
at —3, —6, and —11.5+j33.7. The 
system is completely overdamped for a 
step displacement input while complex 
conjugate roots exist. The second deriva- 
tive signal was too noisy to use in the 
switching computer; thus, the computer 
had to operate on E and E£ signals only. 

It was considered desirable to study 
the system on the analog computer first. 
The underdamped and overdamped sys- 
tems were simulated with the indicated 
roots and the correct hyperplace switch- 
ing surface was computed using the same 
scheme that applied to the second- and 
third-order cases. Typical transient re- 
sponse curves are shown by Fig. 9. A 
simplified switching equation was instru- 
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Fig. 12. Schematic diagram of the tested fourth-order system (Amplidyne, General Elect 
model 5AM79AB362, type AM; motor, General Electric, model 5BC, type BC) : | 


mented using E and E signals only in the e 
form i 
100 
E+AE=0 (21) 
The theory and calculation of coefficient A oe 
and some additional instrumentation re- 
quirements have been discussed. The HE © 60 
versus E plane is utilized in Fig. 10 to 6% 
compare the results of switching at the z 
theoretically correct hyperplane, with ao 
@® 


those obtained by switching at the hyper- 
plane defined by equation 21. Fig. 11 20 
indicates that the choice of the co- 
efficient A is not critical. 


0.5 1.0 1s 
Physical System Verification T IN SECONDS 


Fig. 13(A). Transient response for di Here) 


Fig. 12 shows the schematic diagram magnitudes of step input 


of the control system tested. Parameter 
values are indicated. The modifications 
of the switching circuit are necessary to 
prevent reopening of the compensation 


12 
loop. Fig. 13(A) shows a family of tran- : 
sient response curves obtained from the 
physical system, with range of step ampli- = 
tudes in excess of 100 degrees. Fig.13(B) uo DB pe te 
shows the effect of varying the coefficient ts 80 2 Meg SON 
A in the switching equation. It is ap- 3 Aja F 0.066 
parent that acceptable step response can z 60 4 Ayg = 0.057 
be obtained over a reasonable range of ‘4 z 
adjustments of the switching computer. 5 , 

0 
Discussion and Conclusion 

20 

From the equations, circuits and com- 

puter studies presented it is apparent pe = ‘ 


that the concept of discontinuous damp- 
ing of linear control systems is a relatively 
simple concept: the required compensa- 
tion loops are easily determined; the 


T IN SECOND 


Fig. 13(B). Effects of switching time | 
transient response (see Fig. 12 for / 


parameter values are easily. calculated; 
and the switching computer for step 
aputs is readily designed. The results 
how a consistently fast, deadbeat re- 
ponse for step displacement inputs. 

No difficulties are anticipated with 
second- and third-order systems when 
he principles are applied to physical 
ystems, or only first and second deriva- 
ive signals are required. However, some 
difficulties are encountered with higher 
brder systems due to the noise levels in the 
second, third, and higher derivatives, 
These difficulties may be avoided for step 
Hisplacement inputs by not using the 
jigher derivative signals. Feedback loops 
tilizing only lower derivatives usually 
ompensate the system so that its step 
€sponse is overdamped. A switching 
omputer may also be designed without 
using higher derivatives. For step dis- 
blacement inputs, a switching hyperplane 
giving precisely correct switching for any 
order system may be instrumented using 
mly E and F signals. The theory has 
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WPHIS PAPER describes the develop- 
ment of a theory of optimum synthesis 
br a class of linear multiports, which are 
aracterized by the presence of one or 
lore periodically actuated switching ele- 
hents (with finite dwell times), which mul- 
plex the transmission channels, and by 
Iput signals that are generated by sta- 
Onary random processes. The theory 
resented is also applicable to the problem 
optimum synthesis of linear multiports 
which periodic carriers of arbitrary 
aveshape are amplitude-modulated by 
e signals being processed; however, the 
ultiplexing problem, in which the car- 
fs are described by 


i) = 10 nl <t—mi<nT+hiy 


0 elsewhere 


of particular practical importance. 
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a 


been verified “by computer’ simulation 
and by design and test of an actual sys- 
tem. It has been shown that suitable 
engineering approximations are available 
for the generation of derivative signals 
and for the formulation of a practical 
switching computer. 

It should be noted that this type of 
system is quite insensitive to load dis- 
turbances. Since the compensation used 
is solely of the derivative feedback type 
no attenuation is introduced when the 
feedback circuits are closed. Thus, under 
static conditions, any load disturbance 
is not only opposed by a maximum for- 
ward gain but also by maximum damping. 
Thus, oscillations are not likely to occur 
unless the load disturbance is severe 
enough to make the relay open the damp- 
ing circuits. 
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Jptimum Synthesis of Multiport Systems 
Containing Modulators with 


Periodic Carriers 


G. J. MURPHY 


ASSOCIATE MEMBER AIEE 


The optimum system is defined, for the 
purposes of this paper, as the system for 
which the time-average value of the en- 
semble-average value of the square of the 
difference between the actual response and 
the desired response assumes its mini- 
mum value. Since the difference between 
actual response and desired response is 
commonly known as the system error, 
the criterion of performance used here is 
a time-average-ensemble-average square- 
error criterion, or simply a Time-En- 
semble-Average Square-Error criterion. 
For brevity, it is henceforth referred to 
as the TEASE criterion. 

De Russo! has investigated the prob- 
lem of optimum synthesis of an ideal 
sampled-data system comprised of a 
fixed continuous linear element preceded 
by a pulsed-network prefilter. Franklin? 
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has investigated the problem of optimum 
synthesis of an ideal sampled-data system 
comprised of a fixed continuous linear 
element followed by a pulsed-network 
post-filter. Westcott? and Hsieh and 
Leondes* have formulated a technique for 
solving the mean-square optimization 
problem for continuous, time-invariant 
linear multiport systems. All of these 
problems are encompassed as special cases 
of the work presented here. 


Mathematical Description of the 
System 


Let us consider a linear system with pro- 
vision for p input signals, si(é), so(#), ..., 
sp(t), and q responses, 7(é), ra(b)ee, 
ro(t), of such a nature that the trans- 
mission channel from the ith input node 
to the jth output node can be described 
by the block diagram in Fig. 1. In that 
diagram, rij(£) is the component of the 
jth response which is due to the zth input 
signal, wij(7), vij(7) and wiy(7) are weight- 
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ing, Ithaca, N. Y., June 18-23, 1961. Manuscript 
submitted February 14, 1961; made available for 
printing April 25, 1961. 
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CARRIER 


AMPLITUDE 
MODULATOR 


CARRIER 


| Pu 


AMPLITUDE 
MODULATOR 


ing functions of time-invariant linear sub- 
systems, and #;,(é) is a periodic carrier 
which is amplitude-modulated in the 
transmission channel from 7th input node 
to jth output node. In this system 


Dp © e} 
o=df uij(x) {| Vig(y) 
Ot Lae a) 


f wa;(2)si(t—x—y—2) pig t— 


= '00 


y—z)dzdydx, 7 = 1,2,3,...q (1) 


and 


D 
Ris)=)) {[Si(s) Ui(s)] *Pi(s)} 


t=1 
Vij(s)Wij(s), 7=1,2,...¢ (2) 


The general optimization problem 
considered in this paper is most readily 
described on the basis of a single trans- 
mission channel. The ith component 
of error in the jth response of the system 
is obtained by subtracting the actual 
value of the 7th component of the 7th re- 
sponse from the desired value of the ith 
component of the jth response. Thus, 


eqi(t) = dy t)—rji(t), 1=1, 2, ...P5 
Gea 2h age (3) 
The error e,,(t) may be due in part to 


imperfect transmission of the signal 
and in part to the presence of noise in the 


signal. To separate these two considera- 
tions, let 
si(t)=mi(t)+ni(t), BE By ye Pp (4) 


where m,(#) and 7;(t) denote the message 
component and the noise component, 
respectively, of the ith input. (To 
simplify the work to be presented here, 
it is assumed that m,(t) and n,(#) are 
stationary random signals with zero mean 
values.) Also, let d;(t) be linearly re- 
lated to m,(t) through a weighting func- 
tion gi,(r); that is, 


gijs(t)m(t—r)dr, 


= 00, 


4=1, 2,040.25 JHA, 25 .0g (5) 


dji(t)= 
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Fig. 1. A block diagram 

of a single transmission channel 

of the system under con- 
sideration 


Fig. 2. A block diagram of 
a system that can be used to 
generate one term of the left- 
hand side of equation 19 


Then the desired value of the jth re- 
sponse is 


a=) [ £ij r)miAt—7)dr, 

os Vahey ee aa) (RE) 
and the total error in the jth response is 
ej(t) =d,(t)—r4(t), J=1, 2, ...9 (6) 


Two rather general cases are now to be 
considered. 


CASE 1 


The elements which follow the modula- 
tor are specified and fixed linear elements 
that are characterized by time-invariant 
weighting functions v,;(7) and wi,(r). 
Optimum synthesis consists of determin- 
ing the weighting functions u4,(r) of that 
set of time invariant physically realizable 
linear subsystems to be located on the 
input sides of the modulators for which 
the time average of the ensemble-average 
squared error (TEASE) Ej, j7=1,2, ..., q, 
is minimized. 


CASE 2 


The elements characterized by the time- 
invariant weighting functions u;;(7) and 
Wij(r) are specified and fixed linear sub- 
systems. Optimum synthesis consists of 
determining the weighting functions »;,;(7) 
of that set of time-invariant, physically 
realizable, linear subsystems to be located 
immediately following the modulators for 
which the TEASE Ej, j=1, 2, ..., q, is 
minimized. 


Derivation of an Expression for 
TEASE 


From equations 1, 5, and 6 it follows 
that 


Dp D foo) foo) 
=D} i) wis xd i vi y)dyX 
t=172=1 —o —o 


:) wiles [ uxj(B)dBX 


where ¥s,(u) denotes the ensemble-a 
- age value of f(é) g(é+u), where 


1 
y= lim — 


output, and 


a hee ee 
i erate an _Koete+na 


‘p Uni yay ie wij A)dA[Si 


(t—x—y—2)sx(t—B— y—d) Pl te 


y—2) pug t—y—r)] — 


Ds i} uij(x)dx if vig y dy X 


f ¢ wij(z)dz f “ gxi(B)dB {sit 


x—y—2)mx(t—B)pift—y—2)] + 


f Lis x)dx f gx B)dBX 


mits) (i 


K=1 —o 


if vig(y dy { waj(2)d2X 


il wn 8)d8 i nu) 


f WEA) sisx( HEY +z—B-— ‘ 


= 00 


i= A) bpignnsy +2—-y—-X)— 


2p f ~ Uij(x)dx f vis(y)dyX | 


i wij(2)dz +t £i(B)EBYsime | 


oe 


Gb eee f 


Toth J 


{ x3(B)dBYmim x —B , ( 


vid 


bis(t)dt 


To Pisa a 


=F, fhe Garde 
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If the required change in the order. 
several operations can be justified, tk) 
time average of the ensemble-average : 
e;*(#) can be expressed as 


zDD [ mseaex 


gidx)deX | 


i 
| 


re 


]| 


sr vd | 
=> Dit )dt (| 


is the time-average value of f(é)g(t4 | 
ie., a cross-correlation function of ff 
and g(t). | 


ptimum Synthesis—Case 1 


Let it now be assumed that v;;(r) and 
j(r) are fixed and specified, for 7=1,2, 
mer and j=1, 2; ..., g, and that 
e optimum physically realizable ;;(r) 
fe to be determined. Let it be further 
sumed that an optimum solution exists, 
d let this optimum solution be de- 
ted by 1,°* (7), i=1, 2, ... p; j=1, 2, 
.,q. In general, then, we consider the 
ass of weighting functions of the form 


= 


7) = 145°P'(r) + enij(7), i= 1,2, ...p; 
aioe wge 1Gh1) 


nere nij(r) is an arbitrary nondiscrete, 
me-invariant weighting function that is 
ntinuous at r=0 and at r=© and 
isfies the conditions 
7)=0, r<O0 and r= -— (12) 
d ¢ is a real parameter. 


Substituting equation 11 into equation 
gives 


ae > 
-2 ~Af [aeig®P*(x) + eniy(x)] dx X 
i=1 k=1 —o 


f vij(y)dy fr Wwij(z)dzX 


f [2x3°P*( 8) + enxs(8)]dBX 


f andr f wxj(A)dAX 


Wsisy( x+y t+s—B— y—A)bpijpns 


Qte-y—9)— 2p f 


enij(x)]dx if 
ik wesdds f £xj(B)dBWs;my 


ieee f 


=<—''69) 


foo} 


[wij(x)+ 


vij(y)dyX 


gij(x)dx X 


f eri ohdaymm(e—9)h (13) 


A necessary condition on the optimum 
ation is that 


(14) 


Substituting equations 13 and 14 and 
aplifying yield 


>} i nig x )dx f vil y)dy X 
1 k=1 ico —o 

f wij(2)dz f uxj°P*(B)dBX 
‘ Uni y dy iE Wei A)DAYs 58% 
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07 Ey 


(x+y+2—B—y—))dp 


kd” th 


(ts-7-0)—py f nij(x)dx X 


aE Vij(y)dy ie wij(2)dzX 


f £xj(B)dBWsymp( x ttt =0 
(15) 


if the order of integration may be 
changed. Equation 15 can be rewritten 
as 


Dp Ge D os) 
ul nig x dx ah vi(y)dy X 
i=1J —o 


k=1 mal 


fs wij(z)dz f ux ;°P*(B)dB xX 
if UKG( yd y { Wr i(r)drAWsis% 


(x+y+2—B-—y—\) bpp i904; 


(y+z—y-\)—Diy ir Vij )dy X 


(e Wij(z)dz fi 


(styts—p) |=0 (16) 


£xj(B )dBWsym;, 


Now, since n;j(7) satisfies equation 12 
and is otherwise arbitrary except for the 
stated restrictions, the requirement that 
equation 16 be satisfied is equivalent to 
the requirement that 


D foo} co 
yi i vig y)dy f wi2)d2X 
i=1)—o —o 


i} ux j°P*(B)dB f ves y)dy X 


i Wrej(A)drAvs;8,( x+y +s—B— 


Y—d)bvijrp{y¥+2e—y—d) 


foo) 


D 
as DS pu f 
k=1 —o 


f wi(2z)dz f Si B)dBWs;:m;, 


(xt+y+z—B), x>0;7=1, 2, ...p (17) 


vis(y dy X 


A second necessary condition on the 


optimum solution is that 


>0}) «—0 (18) 


Oe 


Substitution of equation 13 into 18 yields 


D 


D 2 S. 
ae ye f nig x )dx { nki(B)dB X 
1d —2 —o 


i=1 & 


ip : vil y)dy f wij(2)dzX 
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{ VEi( y dy f Wrj(A)AYPs is; 


(x+y +z—B—y—d)bpijrn; 
(y+z—y—r)>0 (19) 


if the order of integration may be changed. 
Since each term on the left-hand side of 
equation 19 may be regarded as the time 
average of the ensemble average of the 
square of the output of a system of the 
form illustrated in Fig. 2, equation 19 is 
necessarily satisfied, except in the trivial 
case where all input signals s;(¢), <=1, 2, 
..., P are identically zero or where the 
transmission through the system illus- 
trated in Fig. 2 is identically zero for 1= 
1,2, 05 p and y= ioe is dulce 
equations 17 and 19 constitute a set of 
necessary and sufficient conditions on the 
optimum solution, it follows that equation 
17 alone is a necessary and sufficient 
condition except in the trivial cases men- 
tioned. 

In general, the set of p equations in 
equation 17 must be solved simultane- 
ously for the optimum set of weighting 
functions. However, if s:(é) and s;,(é) are 
uncorrelated for ki, then equation 17 
reduces to 


{ sutody f wij(2)dzX 
J 14j°P"(B) dB i 


f Wij(d)dAWsisi(% +9 +2— 


vij(y)dy X 


B—¥—A)bpiznij(y +2— ¥—-A)— 


Dis f vij(y)dy if wij(z)dzX 


J £ij(B)dBYsim;(xty+2—8) =0 
> 0) F— oleae wD (20) 


or, equivalently, 


1 Ie 
aa ee” Fyi(s)ds =0, x>0; 
54 as 


i=1,2,...p 


where F;;(s) is defined as the bilateral 
transform of the left-hand side of equa- 
tion 20. If the order of integration may 
be reversed in this Laplace-transform 
integral, then 


Fyi(s) = Ui? *(s)¥s58i(s)[ Vig s) Vig —) 
Wis) Way =.) * Bp; ;7;;(5) es 
Dis Vis —5) Wig —5)Gig(s)Vsymi(s), 
see Beery ele (PP) 


(21) 


Now, if 


Wyi(s) = Waisi(s){ [Vig s) Vil — 8) Wiss) X 
W isl —s\] *Sp,47;,(s)}i=1, 2. -.., p 
(23) 
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satisfies the Paley-Wiener criterion for 
spectrum factorization, then let 
W5i(s) =Wyit(s)Vjt-(s) (24) 
where W;,+(s) and W;;~(s) are defined (in 
the usual manner) so that all the poles 
and zeros of V;;(s) that lie to the left of 
the imaginary axis are poles and zeros, 
respectively, of Vj,+(s), and all the poles 
and zeros of W;;(s) that lie to the right of 
the imaginary axis are poles and zeros, 
respectively, of Yj;~(s). Then it follows 
that if a solution to the Wiener-Hopf 
equation, 20, exists, it is 


Dis US est ds 
QajJ jo  Yse*(s) 


iB af ‘be 
é 21] F 
[Vil =) Wil =s)Gif(s)¥simils)] as |a 


W5i(s) 
5p Die fey Seas @ 


ussP(r) = 


4=1,2,.. (25) 


Optimum Synthesis—Case 2 


Let it now be assumed that w;;(7) and 
Wi (7) are fixed and specified, for i=1, 2, 

7, Pp and j= U2" 6 .,.¢, andithat the 
optimum physically realizable v,;(7) are 
to be determined. Let it be further as- 
sumed that there exists an optimum solu- 
tion and let this optimum solution be de- 
noted by v4/°?*(r), z=1, 2, ..., p, j=1, 
2,...,q. It can then be shown (subject 
to the limitations mentioned in the dis- 
cussion of Case 1) that 


D © © E 
>S. f vKj°P (yd it uxj(B)dBX 
k=1d —o 


=== 00): 


f Wei(A)Er if Uij(x)dx X 


if Wij(z)dzyszs(B-+y+r\— 


— @ 


X—Y¥—2) bp, ;7:3 y+A—Y—2) 


D co 
i os uf 

ti | — 6) 
f wis(z)dz if SKi(B)dBYs;my 


(x+y+2e—B) VS Os =a oop 
(26) 


Uig(x)dx X 


and that, if s;(¢) and s,(#) are not corre- 
lated for ki, 


j0Pt Pf ar td 
ve 21jJ —jo Ty(s)° 


A eres Fe 
0 Qj —jo 
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e* | Vil — 5) Wi — 8) Gigs Wsimi(s)] as be 


Ty -(S) 
41, 2, 23, pr Geaper®, 1.0 (27) 
where 
Dyi(s) = { [Wsisi(s) Vig(s) Vig —5)] * 
Bp,40:9(8)} Wiss) Wil —5) 
2, a pea (28) 


and T'y:+(s) and Tyi~(s) are related to 
Ty:(s) as Wj;+(s) and W4,~(s), respectively, 
are related to W;,(s). 


Semifree Configuration—Illustrative 
Example 


The application of the approach, 
presented in the preceding sections of this 
paper, to a periodically switched system 
is illustrated in the following example. 

A block diagram of the system under 
consideration is shown in Fig. 3(A). The 
switch arm is understood to be in contact 
with terminal A for nT <i<(2n+1)T/2 
and in contact with terminal B for 
(Q2n+1)T/2<t<(n+1)T, for n=0, +1, 
+2,.... The optimum weighting func- 
tion for the system in the absence of the 
noise w(t) is g(r). Both uu(r) and v(r) 
are fixed and specified, and the problem is 
to determine the optimum physically 
realizable uw: (r). Since not all the u4;(r) 
are free to be specified by the designer, the 
configuration is only semifree. 

The block diagram is redrawn in Fig. 
3(B) to conform with Fig. 1, | The 
carriers employed are 


s(t)=m(t) + a(t) 


s(t) =m(t)+ n(t) 


s(t) 


n(t) 


Fig. 3. Block diagrams of 
the system considered in the 
illustrative example 
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ao 


pu(t) = SS [ watonr) =a 


n=—o | 
(22 aa 

2 

and 


bu(t) = Je 4 u-i(.2et r)- 


n=—o 


a 


where w-1(¢) denotes the unit step ft 
tion with discontinuity at i=0. 
To find the optimum solution, wi(3 
replaced by wa(7)+en(7), and the t 
procedure is followed. Thus, it is 
that a necessary and sufficient co 
on the optimum physically realizag 
uo°P*(r) is that it satisfy the equation 


ae ed 
— e” F(s)ds =0, 


>0 
27j Ze 


where 
F(s)= Uuls)¥ss(s){ Pp pn(s)* 4 
[V(s) V(—s)]} + Un°P(s) Wass) X | 
{ Bpnpn(s)*[V(s) V(—s)]} — 
2fG(s)V(— 5)Vsm(s) 


Now, it can be readily shown that _ 


ae. 
pa =3 
that 

cos cos [(21+1)Q7] © 
2 
Pon py (7) = it Dy eles (n4-1)te 2 
(A) 
Pu (t) 


AMPLITUDE 
MODULATOR 
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ere 
T (35) 
the switching frequency, and that 
| 1 
mp2 ( 7) = 9 Papal r) (36) 


follows that 


5) = Un°P*(s)Wss(s){ Spa pn(5)* 
[V(s)V(—s)]} + Unls)Wss(s) X 
V(s)V(—s) 

2 
{ ®onpu(s)*[V(s)V(—s)]} — 
G(s) V( —S)Vsm(s) (37) 


= Uiui(s)Vss(s) 


Dividing both sides of equation 37 by 
2 (3) {Ponpu(s)*[V(s) V(—s)]}~ gives 
F(s) 
s(s){ Bon rn(s)*{V(s)V(—s)]}~ 
= Un°P*(s)Wsst{ Bon pn(s)* 
[V(s)W(—s)]} ++ 
Un(s)¥ss*(s) V(s) V(—s) 
2{ Ppxpn(s) * [V(s)V(—s)]}~ 
Urls) ¥ss*(s){ Ppa pn(s) * 
[V(s)V(—s)]} *¥- 
G(s) V(—s)Vsm(s) 
Vss~(s){ ®px.pn(s) * [V(s) V( —s)]} i 
(38) 


Since, by virtue of equation 31, F(s) 
Sno poles to the left of the imaginary 
is, the function on the left-hand side of 
uation 38 has no poles to the left of the 
jaginary axis. If Uj(s) has no poles 
, nor to the right of, the imaginary 
is, then all the poles of the first and 
ird terms on the right-hand side of 
uation 38 are in the left-hand half of 
e s-plane. Therefore, we require that 


opts) = Un(s)+ 
Gs) V(- 5)Vsm(s)— ; Uir(s)Wss(s)X 


V(s)V(—s) 
x Wss_(s){ Ppnpn(s)#[V(s) V(—s)}} ee 


Wess *(s){ Ppvn(s) * [V(s)V(—s)]} * 
. (39) 


ere { H(s)}+ is used to denote, as usual, 
e sum of those terms in the partial- 
action expansion of H(s) that stem from 
les to the left of the imaginary axis. 

Tt can be shown that 


sa hs) Vea) 

a 4 

{ V[s—j(2n+1)Q]} x 

{ V[—s—j(2n+1)Q]} 
(2n-+1)2x? 


wpn(S) * [V(s)V(—s)] ze 


; ore > 
A n=0 


(40) 


ere ReQ(s) is used to denote, as usual, 
¢ real part of the function Q(s). If V(s) 
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has low-pass characteristics with no 
appreciable reasonance, the number of 
significant terms in the series on the right- 
hand side of equation 40 can be deter- 
mined largely on the basis of the coeffi- 
cients 2/[(2n+1)?x?]. For n=0, 1, and 
2, these coefficients are 0.2022, 0.0225, 
and 0.0009, respectively. Therefore, only 
the first term (=0) is retained, with the 
result 
Vis) V(—s) 


Py pn(5) * [V(s) V(—s)] ane ee ale 


=, Rel V(s—i9) V( —s—f0)] (41) 


The use of the solution presented in 
equation 39 is illustrated in the following 
example. Let . 


_ V10 

Vie 15 (42) 

u(s) = 105 (43) 
G(s)=1 (44) 
Ymm(s)=7 32 (45) 

20 
Wnn(s) 100—s? (46) 
Wmn(s) =0 (47) 
and 
2=10 (48) 
Then 
_ V22(s+V/10 
Me Gales 10) ee 
a) 8 225/10) 

SespZ aan erI0) ie 
and, on the basis of equation 41, 
{ ®pnpa(s) * [V(s)V(—s)]} *2 

0.95+/5(s +6.9 + 77.5)(s+6.9 —77.5) (51) 


(s+5)(s+5+j10)(s+5—j10) 
and 
{ Bpnpu(s) * [V(s) V(—s)]} = 


0.95+/5( —s+6.9+77.5)(—s+6.9—-j7.5) 


(—s+5)(—s+5+j10)(—s+5—j10) 
(52) 


Substitution into equation 39 and rou- 
tine reduction of the resulting expression 
result finally in the solution 


-b 


opt = 
UatESS) 5G 6 
0.232(s+5+j10)(s +5—j10) x 
(s8-115.5s?-+55.6s+20.1) 
(s+3.16)(s-+0.5)(s-+6.9+j7.5)X 
(s+6.9—j7.5) 


(53) 


As is sometimes the case in the optimum 
synthesis of a linear continuous (i.e., non- 
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pulsed) system on the basis of the mean- 
square error criterion, even though the 
optimum transfer function obtained pos- 
sesses no poles on, or to the right of, 
the imaginary axis, it can be physically 
realized only approximately, because the 
degree of its numerator exceeds that of 
its denominator. However, by the intro- 
duction of an additional real pole, at a 
sufficient distance from the origin, the 
optimum transfer function can be approxi- 
mated to any degree desired. 


Conclusions 


A method for the optimum synthesis 
of a class of linear multiports containing 
modulators with periodic carriers has been 
presented. If the minimization of the 
Time-Ensemble-Average of the Squared 
Error (TEASE) is adopted as the goal, 
the use of this technique leads to the 
synthesis of the optimum time-invariant, 
physically realizable, linear subsystems 
which precede or which follow the 
modulators. A notable example of the 
application of this theory isin the optimum 
synthesis of prefilters for a multiplex 
data transmission system. 

In this paper, a set of simultaneous 
integral equations is derived as a con- 
dition for optimization in the case where 
correlation between different input func- 
tions is not identically zero. These in- 
tegral equations can be transformed into 
a set of simultaneouslinear algebraic equa- 
tions by application of the bilateral La- 
place transform. To insure physical real- 
izability of the solution, the concept 
of spectrum factorization is applied to the 
matrix of coefficients of the set of algebraic 
equations. A complete description of the 
solution is quite lengthy; however, the 
procedure is similar to that followed by 
Hsieh and Leondes in dealing with contin- 
uous systems. The interested reader is 
therefore referred to their excellent paper.4 

It is evident that if in the finite-pulsed 
multiport the area under each rectangular 
carrier pulse is unity and the pulse width 
approaches zero, the results presented 
in this paper are directly applicable to 
ideal sampled-data multiports. It is of 
interest to note that, generally, the use of 
the familiar z-transform does not result in 
a simplification of the expressions pre- 
sented and fails to facilitate an extension 
of De Russo’s work to the generalized 
multiport system. 

Possibilities for future work include con- 
sideration of the problem of simultane- 
ously optimizing the pre-filters and the 
post-filters of a finite-pulsed multiport, 
which has been done for ideal single- 
channel sampled-data systems,® and of 
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the synthesis of feedback multiports with 
arbitrary periodic carriers. 
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| OCOMOTIVE REPAIR costs are the 

w largest single item of road or line- 
haul locomotive operating expense. 
They are discussed without reference to 
other operating costs, except depreciation, 
hich should be closely related. 

The relationship of repair costs to the 
age of equipment for steam, electric, and 
diesel locomotives is shown. Diesel re- 
pair costs are higher and rise more 
rapidly with age than those of the other 
wo types. 

Repair costs increase and depreciation 
charges decrease with service life. 
he age-point where the sum of these two 
osts is at a minimum is the economic life 
of the equipment. Service life can be 
somewhat longer than economic life with- 
out too much loss in operating economy. 

The relatively short economic life of the 
diesel locomotive, despite its higher initial 
cost, is emphasized and compared with 
the lower initial cost and longer life of 
both steam and electric locomotives. 

_ The greater rate of rise in repair costs 
and the shorter economic life of the diesel 
locomotive indicate that the Class I rail- 

ways of the United States will face a 
serious financial problem within the next 
6 years. Almost 80% of their present 
motive power will be due for replacement 
iby the end of this period at present rate 
of utilization. 

_ The necessity for a more economic type 
of motive power is a challenge to loco- 
motive manufacturers and a problem for 
Serious study on the part of the railways. 


The Importance of Repair Costs 


- Locomotive repair costs are of partic- 
ilar importance in the study of railway 
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economics. In the United States for the 
past 35 years, these costs have been the 
largest item of operating expense for 
motive power in road service on Class I 
railways. This has been true regardless 
of the changes in types of motive power. 
Only in 1943 and from 1947 to 1950 were 
repair costs relegated to second place by 
fuel costs. The Statistics of Railways of 
the United States, published annually by 
the ICC (Interstate Commerce Com- 
mission), supports these statements. 

The items of road locomotive operating 
expense in the ICC statistics are given in 
their relative order of importance: 


1. Repair costs. 


2. Fuel costs, including electric power 


where used. 

3. Wages of engine crew. 

4. Depreciation. 

5. Enginehouse expenses. 

6. Lubricants. 

7. Other locomotive supplies. 
8. Water. 


These constitute all items of locomotive 
operating expense as defined by the ICC. 


Table | 


This paper discusses repair costs for road 
locomotives only, and the intimate rela- 
tionship that should exist between these 
costs and depreciation charges. 

Road locomotive repair costs from 1920 
to 1957 are shown in Table I, together 
with total railway operating expenses. 
Total repair costs are also shown as pro- 
portionate parts of total railway operating 
expense, and of total railway operating 
revenue. The relative magnitude of the 
eight items of locomotive operating ex- 
pense is shown in Fig. 1 for the year 
1957, which was the latest year of pub- 
lished ICC statistics when this paper 
was written. ; 

Locomotive repair costs measurable in 
dollars are not comparable from year to 
year because of the general reduction in 
the purchasing power of the dollar. Even 
with a stable dollar value, these costs 
must be related to the work performed 
by, and the capacity and age of the loco- 
motive. 


By converting dollar costs into a pro- 
portionate part of the total railway op- 
erating expense, as in Table I, the in- 
flation factor for each year appears al- 
most equally in both the numerator and 
denominator of this ratio, and, within the 
accuracy of the figures used, is cancelled 
out, thus allowing comparison from year 
to year. 


A discussion of repair costs must neces- 
sarily start with steam locomotives. 
Although these may be of but academic 
interest to the railways of the United 
States today, nevertheless, steam loco- 
motives have been in operation, in grad- 
ually decreasing numbers since 1924, 


Repair Costs for Road Locomotives on Class | Railways—tin Dollars, from ICC Statistics, 


and as Proportionate Part of Total Railway Operating Expense (TROE) and Total Railway 
Operating Revenue (TROR) 


Costs in Millions of Dollars 


Total Repair Costs as 


Repairs Proportion of 
Operating 
Year Steam Diesel Other Total TROE Ratio TROE TROR 
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1940) ee. 230 Attest tntae es IOs cee 23821... BL O80RS ka. Ls OOn Gate, OLO7FO Se 0.0553 
aK 7S er een Dist atten Dayo TAtT TO NSresheer 294.9.. DCB 4ier. jer 68.153.4<nis ee « 0} 0805: oxy 0.0551 
i 8 Ys eae as Bao DS crtiahe seared pers TA OSes 356.5. . 4: GOW wrcogtae Gl Gare cee O Oc connate 0.0477 
NOS a 7 a Wt oo Dd dete a pe a LOMON serene 430.7.. By, OB thers Fsiareur 62 4S See 0207622 20.4 0.0476 
1944...... ATCO a tasenn sivan corcy Tate 28 eSica bier 502s Diane ox Gi 22 reps aleia 66° 5 icanercet @; 0801s... 0.0533 
TO4bweeaes AG ESS aceasta e spares SAA a Nero AG. 2c. Gea Sire wcsess ae Ocaetee OQEOUKae ca 0.0558 
19463 =. ADU TR Ge inbaage as ehavaiccds AOD isienctt 492,.6..... 6, SOR mee: BIBS coy nen 4) Os07763 0.8 0.0645 
eKoE Y Genter ADS rol cera oe a eR oa 50 De as HL8s 4. scr GS79 Tisyocsrdetas Uf RPX POE AMIE © 0.0755..... 0.0591 
RO AS Ne ccc AA Calter crete xhshes se BO atte ese: BL lias ark eke tern Wd seOn weet OZOT1 Dyes 0.0548 
1949...... SSGROE oF pada kesh 126302. Se AGOE Dv OF S892 cr auras SO). S2 eee sets 0.0669..... 0.0537 
1950s) ses: Bike Geers. Gomes aoe TG2 eee 2 ATO} Wane attg OOO n aan tts Da Os cn teks 0.0680..... 0.0506 
oS kerr dee DLO SOT a ees ee hae ttt ZUSRCs sons 542.5. Si OaiS Here Wi Ok Re oare. ae OL0676. 2a.5 0.0523 
WOS2. aeaee DAS Me Soi tarrwaaies chen 265... Drs antnk 509-4 .....6% BsObS iat 76) WSs. fa 0.0633..... 0.0482 
TODS scr 5 Wes ere RRO cis ete S0a. De sel ATT AO tats." iG ae latinas MOO oteletereras OG. 0587s. 0s 0.0447 
ORAS eaters 86.4..... 2097622 .554 GG. ak A026. isk. BSE Saat VSCSUS aaa 0.0546..... 0.0430 
LOG ai 65, i Bictaneraes B23), Santee SS ee ne ee 406.8..... OF Or tysfhys ces Os OBnsicme® 0.0532... 0.0403 
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on the Class I railways all during the 
period under review, and are still oper- 
ating in limited numbers. 


Locomotive Repair Costs 


STEAM 


Steam locomotives rapidly increased in 
capacity from 1915 to 1940. To deter- 
mine the economics of these larger loco- 
motives compared with the smaller units 
built prior to 1915, the unit of costs per 
locomotive-mile became meaningless. 


Considerable research on steam loco- — 


motive repair costs was done between 
1927 and 1932 by Thomas R. Cook,!~4 
who was with the Baldwin Locomotive 
Works. Cook worked with the unit of 
“cost per hp (horsepower) mile” and used 
this unit in terms of 10,000 hp-miles in 
order to give the unit costs in dollars. 
This hp-mile unit, in terms of 1,000 hp 
delivered to the rail or rim of the driving 
wheels, has been used in this paper be- 
cause horsepower rating varies with the 
different types of locomotives. The 1,000 
rail hp-mile unit gives cost in cents, 
which is often more readily combined or 
compared with other costs. 

Obviously, many other units for meas- 
uring repair costs can be used, such as 
cost per unit of fuel used or cost per ton- 
mile hauled, but these are not so readily 
obtainable from the available statistics. 

Cook was also one of the first to show 
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Fig. 1. Relative 
magnitude of operat- 
ing expenses for 
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om PEO Ne ee for 1957 
3 x 8 
oR © es) 
x ° o «8 
ee) ~ SE, 
— w ‘ 
= a 5 
= 9 
a. = 
=) = 
(7p) S 
yee 
“” s Te) 
KE = 0 
z S a 
<q 
o a a]; 4 
a WwW ry) aq 
a x Lys! aa 
= - <= fe) 
gy (2) > F 
a 
N 
fied = m 
Ke wo 
bag Eo 
i a ae 


the necessity of relating repair costs to the 
age and capacity of the locomotive. Re- 
pair costs increase as the locomotive ages 
for the same service performed. This im- 
portant fact is confirmed by other authori- 
ties on steam locomotive costs.°® 

In June 1934, the Federal Coordinator 
of Transportation published in his report 
the diagram shown in Fig. 2.6 These 
costs were obtained from a 1927-1929 
survey made of approximately 66% of all 
types and sizes of steam locomotives then 
in service. This diagram has sufficient 
authenticity to be considered as a da- 
tum to which repair costs of other 
types of locomotives may be com- 
pared. 


ELECTRIC 


From 1906 to 1944, electric locomotives 
were applied in increasing numbers on 
the railroads of the United States. A 
maximum of 711 were in road service by 
1944. The majority had gear drive be- 
tween the motor and the driving axle. 
Some were gearless, with motor armatures 
directly on the axles, or on quills; others 
were side-rod driven, similar to steam 
locomotives. There was great variation 
in the service performed, from short runs 
in terminals and in tunnels hauling non- 
working steam locomotives with their 
trains, to extremely heavy hauling on 
mountain grades. Consequently, repair 
costs varied widely. 


Brown—Locomotive Repair Costs and Their Economic Meaning 


DIESEL- ELECTRIC 


Several railways used electric lo f| 


motives for general operating economy# 
This service was similar, in every way, tc} 
that of the average steam locomotive, 

The repair costs considered in thi 
paper are those of two carriers opera 
gear-driven electric locomotives of 
lar types, built between 1931 and 194 1 
They were used for freight and passenger ef 
service over rolling profiles, and ea 
placed steam locomotives formerly used 


this service. 
The author first became interested 
comparative .electric and diesel- ele 
locomotive repair costs during the peri 
1945-1950. In 1953 he collaborated on 
comparative study of these costs relate« 
to one of these carriers, involving nearly 
100 electric and 300 diesel-electric lo i 
motives. 
electric locomotives built since 1931, i 
terms of 1953 costs, is indicated by A 
Fig. 3 (and for diesels by A in Fig. 6) 


In 1955, an opportunity was offered 
study electric locomotive repair costs, aid 
related to age, on a second carrier. Thi} 
trend of these costs is shown by B i 
Fig. 3. All of these electric locomotiy ! 
had large-diameter driving wheels, wi a 
axle arrangements similar to those | 
steam locomotives, having one or n01 4 
idle guiding axles. | | 

“al 
i 


After diesel locomotives proved th 
high speeds could be safely attained witi 
smaller driving wheels, without al 
guiding axles, and higher tractive for ‘ai 
with all weight on drivers, a few electri} 
locomotives were built incorporating 
these features. T. F. Perkinson p i 
sented the repair costs of such locomotive 
in a recent AIEE paper.’ These c ostet 
which are converted into the units an i 
1953 costs used in this discussion, i 
shown by the dots and C of Fig. 3. Th 
locomotives are used for extremely heay | 
freight haulage on mountain grades. — 


Less than 100 diesel-electric locomotive 
were in road service on Class I railway] 
of the United States prior to 1940. Afte: 
1945, however, diesels were acquired ij 
large numbers to replace the worn-oul 
steam locomotives, 40% of which were i 
pre-1915 vintage. Relatively few ste 
locomotives had been built since 1930 f ui 
cause of the depression and World War II 

About 20% of the diesels now in ser bi 
were acquired prior to 1949 and mony 
than 60% were acquired between 1949 a 
1953. Today there are nearly 20,00 
diesel-electric units in road service. 
1957, approximately 2.41 diesel uni 
made up the average road locomotive. __| 
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ig. 2. Cost of steam locomotive repairs in dollars per 10,000 hp-mile unit. 
port of Federal Co-ordinator of Transportation, June 1934. Costs are approximately 
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1929 price level (Fig. from reference 6) 


It was apparent early in the use of 
diesels locomotives that repair costs were 
not following the pattern set by steam 
and electric motive power, but were more 

clic, due to the heavy repairs which 
were periodically required by the inter- 
qal-combustion-type prime mover. To 
smooth out these periodic high points, 
manufacturers suggested that repair costs 
be kept on a cumulative basis. These 
were compiled by adding the repair costs 
for each period, either month or year, to 

he accumulated total for all preceding 
periods, and dividing the total by the total 
mileage performed, or by the number of 
elapsed periods. This method was useful 
aS it related the repair costs to the age of 
specific groups of locomotives; it is also 
seful in the determination of the econo- 
mic life, as will be shown. Cumulative 
osts are misleading, however, because 
hey show only the average or one-half of 
he actual rise in repair costs incurred,® 
and cannot be directly compared with 
similar costs of other motive power, not 
kept in this manner, unless the rise in 
umulative costs is multiplied by two. It 
s possible that many railways have ac- 
epted these cumulative costs for the 
actual costs incurred. 
One manufacturer made elaborate 
and painstaking efforts to compile diesel- 
electric locomotive repair costs on a 
qumber of carriers during the period 
1949-1954. However, additional diesel 
units were being continually acquired 
in such large numbers by the railways 
studied that the ‘‘average age’’ remained 
nearly constant between 2 and 4 years 
or this period, and the cost was more or 
less constant between 20 and 22 cents 
per unit-mile. Such statistics were conse- 
quently of little value in the determina- 
ion of rise in repair costs with age. 
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Committee 16 of the American Rail- 
way Engineering Association made similar 
studies in 1949.9 Their report indicated 
that repair costs did rise with the age, 
but made no determination of definite 
trends in these costs. The age of the 
road diesel locomotives studied was not 
greater than 69 months. 

In 1955 the author collaborated on an 
engineering study undertaken for a large 
Class I carrier to determine the economic 
life of diesel-electric locomotives, based 
on a study of repair costs, for the purpose 
of establishing realistic depreciation rates 
for tax purposes. The diesels operated by 
this carrier, with minor exceptions, were 
less than 5 years old. Accurate repair 
costs related to age were obtained from 
several other large carriers which had 
been operating diesels for as long as 12 
and 14 years. Costs for the 3 consecutive 
years of 1951 to 1953, were obtained for 
diesels from 1 to 11 years of age from one 
of these carriers. This was a large trunk 
line with appreciable traffic, which op- 
erated over generally nonmountainous 
routes. Fig. 4 shows these 3-year costs 
related to age, and converted into 1953 
costs, in terms of cents per 1,000 rail hp- 
miles. 

Fig. 5 presents similar costs for a 5-year 
period, in terms of cents per 1,000 rail 
hp-miles, of another large carrier located 
in another part of the country. This car- 
rier also had reasonably heavy traffic and 
operated over moderate profiles. 

Additional repair cost information 
which could be related to the age of the 
equipment was gathered from several 
other carriers, and was found to be gen- 
erally consistent with the results of the 
major analyses. 

The repair costs taken from a paper 
presented before the Pan American Rail- 
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Fig. 3. Electric locomotive repair costs on railways A, 


B, and C, 1953 price level 


way Congress by T. T. Blickle in 1953” 
were also analyzed. They generally con- 
formed to the other analyses. In that 
paper, however, the costs of repairs, fuel, 
and lubricants were given as percentages 
of the total of these costs, which compli- 
cated the exact determination of repair 
costs in dollars. The repair costs in rela- 
tion to age of more than 3,000 diesel units 
of all ages were studied, up to and includ- 
ing rebuilding costs. The important 
trends are graphically presented in Fig. 6. 
Rebuilding costs were as high as 75 to 
90% of the original cost, depending on 
age and mileage performed. With such 
costs, rebuilt units, by ICC ruling, must 
appear on the books as new units and the 
original units must be retired and written 
off. 

As a result of this study, it was found 
that repair costs for diesel-electric loco- 
motives did rise with age, but at a much 
faster rate than for steam or electric loco- 
motives. This pointed to an economic 
life for road locomotives, in some cases, 
as low as 8 years, but rarely exceeding 
14 years. The average economic life 
for road diesels appeared to be 12!/; 
years and for diesels in yard service 
somewhat less than 18 years. 

To determine the economic life, depre- 
ciation and its relation to repair costs 
must be considered. 


Depreciation 


Depreciation, in railway accounting, is 
an operating charge for the cost of equip- 
ment spread over the service life. It 
should equal, during the life, the original 
cost reduced by the ultimate scrap value. 

By ICC ruling, depreciation of motive 
power is an item of operating expense 
under maintenance of equipment. A 
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realistic depreciation rate is essential to 
prevent depletion of assets when renewals 
become necessary. Neither the ICC nor 
the Internal Revenue Service establishes 
depreciation rates. Hither authority may 
approve any rates established by the 
railways, if based on proper supporting 
data. 

Depreciation rates based on a 30-year 
service life for steam and electric loco- 
motives have been used by the railways 
for many years. Early in the use of diesel 
locomotives, depreciation rates—based on 
a 20-year and a 25-year life, respectively, 
for road and yard units—were approved 
by the ICC, keeping in mind the shorter 
life of the internal-combustion-type en- 
gine. 

Now, from repair cost studies and from 
the actual scrapping and rebuilding being 
done by the various carriers who pur- 
chased diesel units before 1947, a 
more realistic service life seems to be 15 
and 20 years, respectively. On this basis 
depreciation charges of $147 million, 
shown in Fig. 1 for 1957, would be approxi- 
mately $187 million. 

If a railway’s earnings are satisfactory, 
it is advantageous to have ample deprecia- 
tion rates, as these charges are a proper 
deduction, with other operating ex- 
penses, before taxes. With small earn- 
ings, the tendency is to keep depreciation 
rates at a minimum, so that, in spite 
of taxes, the earnings may appear as 
favorable as possible. 
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Where depreciation rates are too low, 
retirements and renewals which are not 
fully covered by the depreciation reserve 
must be charged to the Profit and Loss 
account, or be otherwise reflected by 
changes in assets on the General Balance 


Sheet. 


in Fig. 7. 


Fig. 6. Repair cost 
trends for approxi- 
mately 2,500 road 
locomotives 


Depreciation rates, on a straight-line 
or average basis for any fixed number of 
years, may be graphically represented as 
If there is no scrap value, and 
the service life of a unit of equipment is 
20 years, curve A shows that an average 
of 5% of the cost must be charged to the 
depreciation account each year during the 
20-year period. 
years, then an average of 10% must be 
charged off each year. 
service life is only 5 years, then an aver- 
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Fig. 4. (left). Repair costs of 742 road diesel locomotives on K railway for th 
consecutive years, 1953 price level 


Repair costs of 225 road diesel locomotives on L railway fo 
five consecutive years, 1953 price level 


Fig. 5. (above). 


age of 20% must be charged off each year} 
If there is a scrap value, the annual ded 
preciation charges are reduced, and 
family of hyperbolic curves, one for eae s 
scrap value assumed, can be made, ad 
shown by B, C, and D in Fig. 7. | 

Since average annual depreciation) 
charges fall and repair costs rise as thi 
service life increases, then, at some poin | 
in the service life, the proper combit a4 
tion of these two expenses is at a mii ii 
mum. That point is the economic life o4 
the equipment. | 

Since depreciation per year is mos# 
frequently expressed as a percentage 04 
the original cost, one method of deter# 
mining economic life is to convert t 
known repair costs into per-cent values 04 
the original cost, and to combine graphil} 
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Fig. 7 (above). Average annual depreciation rates for any service life 


- 8 (right). Summation of repair costs (R) and deprecitaion (D). Repair 
sts having rate of rise of 1% (R) have an average rise (M) of one-half the slope 
R. The sum of the ordinates of D and M produces the curve S, the low point 
of which (E) occurs at the economic life 


PERCENT OF ORIGINAL COST 


ly the average rate of rise of repair 
sts with the depreciation curve. The 
sulting combination curve is a flattened 
-shape as in Fig. 8 and asymmetrical 
out the low point, which defines the may be relatively small. However, each and retroactive in its indication of these 
onomic life. This curve rises more point on the U-shaped curve represents costs for the entire service life. 

wly after the low point. For this the sum of depreciation charges and re- 
ason, the service life may be as much _ pair costs, averaged over each year of the 
207% longer than the economic life, be- service life. Any rise after the low point 
use this rise for several more years or economic life is, therefore, cumulative 


SERVICE LIFE IN YEARS 


The author treated this subject more 
fully in a previous paper!!! in which he 
showed that a straight line, drawn through 
the point of origin in the diagram of the 
various hyperbolas for depreciation rates, 
will intersect any hyperbola at the eco- 
nomic life, provided the straight line has a 
slope equal to 1/2 the rate of rise of re- 
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Fig. 9 (left). Repair costs of various types of road locomotives compared, 1953 
price levels 


Fig. 10 (below). Economic life is determined by the intersection of sloping 
straight lines (repairs) and hyperbolas (depreciation) 


SLOPING STRAIGHT LINES 
HAVE ONE-HALF THE RATE OF 
RISE INDICATED, FOR REPAIR 
COSTS MEASURED IN PERCENT 
OF ORIGINAL COST. 


DIESEL REPAIR COSTS 
LIE WITHIN THIS SECTOR 
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pair costs, measured in percentage of 
original cost; see Fig. 10. It is therefore 
apparent that the greater the rate of rise 
in repair costs, the shorter the economic 
life. 


Comparisons of Motive Power 
Repair Costs 


In Fig. 9, the data from Figs. 2, 3, and 
6 for the repair costs of various types 
of locomotives are shown in terms of 1953 
costs. While steam and electric loco- 
motive repair costs have about the same 
rate of rise, electric costs are much lower 
than steam. Diesel repair costs are not 
only higher than the others,but the rate of 
rise is also much greater. On thisdiagram, 
the line graph G was calculated for diesel 
repair costs which would give a service life 
of 15 years. The actual diesel repair costs 
for 1957 ($377.4 million) for the Class I 
railways were converted into cost per 1,000 
rail hp-mile, using 1,500 hp as the aver- 
age road diesel engine rating, 82% of 
which was delivered to the rail. The 
total mileage performed in road service 
and the average number of road diesel 
units were taken from ICC statistics. 
This result was converted from 1957 
dollar costs to 1953 costs to agree with 
the other cost data shown. The final re- 
sult was plotted at 6.6 years, the average 


age of all road diesel units in 1957, at | 


point P, which lies almost exactly on 
graph G at 17.8 cents. 

All these unit repair costs may be 
converted into comparative percentage 
values of the original cost of the loco- 
motives by using the approximate costs 
that prevailed during the latter part of the 
period under review: 


Steam locomotives: 
continuous hp 


$45 per maximum 


Electric locomotives: 
continuous rail hp 


$110 per maximum 


Diesel locomotives: $122 per rail hp or 
$100 per rated engine hp 


The rate of rise in repair costs for each 
type will depend on the annual mileage, 
and will fall within the sectors designated 
in Fig. 10. The economic life of each 
type is shown by the intersection of the 
sloping straight lines with the hyperbolas. 

Despite the fact that repair costs re- 
lated to the original equipment costs show 
a lower rate of rise, and therefore a longer 
economic life, as the original cost in- 
creases, the repair costs of diesel power 
still show the greatest rate of rise and 
hence the shortest life. 

Theoretically, the economic life should 
be based on the replacement cost and not 
on the original cost. It is well known 
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that all costs have been rising con- 
tinuously during the past 40 years. How- 
ever, the dollar value of repair costs also 
has been rising at about the same rate, 
so that it makes very little difference in 
this discussion whether original or replace- 
ment costs are used. The information 
shown in Fig. 10 is correct for either cost, 
within the relative values previously 
indicated. 


Service Life of Motive Power 


The information in Fig. 10 indicates 
that steam locomotives have an average 
economic life of approximately 21 years. 
This means a service life of about 25 
years without undue drain on operating 
revenue during the final years of service 
life. As the number of steam locomotives 
declined, the average annual mileage be- 
came lower, and the service life was 
extended to 30 years to agree with the 
average life of the boiler. 

Electric locomotives have an economic 
life of 23 to 25 years, which indicates that 
the service life is somewhat longer than 
that of the steam locomotive, as has been 
proved by experience. Some electric 
locomotives in the United States have 
been in service since 1906, and are still 
serviceable, No comment is offered as 
to the operating economies involved. 
They cannot be too unfavorable, however, 
in view of the service being performed. 

The long life of the electric locomotives 
operated in Switzerland has been men- 
tioned frequently in the technical press. 

In striking contrast to the steam and 
electric locomotive is the relatively short 
economic and service life of the diesel. 
It will be noted in Fig. 10 that with a 
higher scrap value, which might be real- 
ized in rebuilding, the life is still shorter. 

Since the rebuilding cost is, or should be, 
less than the original cost, the rate of rise 
in repair costs after rebuilding, in per- 
centage of rebuilt cost, may be greater 
than before rebuilding. This would in- 
dicate an even shorter economic and serv- 
ice life for rebuilt diesels, unless the 
rate of rise in repair costs is greatly 
reduced after rebuilding. This has yet 
to be proved. 

The short life span of the diesel is often 
defended by stating that it performs each 
year twice the mileage of an equivalent 
steam locomotive. Assuming that this 
statement is true, the total mileage for 
the service life of each would be approxi- 
mately the same, with the initial cost 
of the diesel still twice that of the equiva- 
lent steam, and with the average repair 
costs during the life higher, per 1,000 
rail hp-mile, for the diesel. 
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It is apparent from this discussion ¢{ 
an important and serious problem y 
face the Class I railways within t 
5 or 6 years, as nearly 80% of th 
motive power now in service will be c] 
for replacement at the present r 
utilization. Some of this power 
ready reached its economic life. ( 
small percentage has been fully | 
preciated. The financing problem willl 
a weighty one as more than $2 billion} 
involved. 


Apparent Savings Made in Repai { 
Costs 


Table I indicates that repair 
shown as a proportion of the total 
way operating expense, have decliril 
during the period 1925-1957, The tel 
number of locomotives has declined abl 
principally because larger steam 
motives came into use following | 
War I and branch-line and short: hj 
traffic was lost to the highways afl 
1920. During the business depres 
from 1930 to 1940 few new locomotig 
were installed. Consequently, the avera] 
age of all motive power increased dura 
this period from slightly more than 
years in 1925 to 27 years in 1945. — 
reduction in numbers, offset by this |} 
crease in average age, kept repair costs § 
a high level during this period. 

After World War IT, the loss of bra 
line and short-haul traffic became 
celerated, causing further reduction 
train service and the number of k 
motives required. The extensive acqut 
tion of new motive power which has « 
curred since 1945 has reduced the avera 
age, so that in 1957 this was just 
10 years. These two, the decline in mut} 
ber and in average age, account 
most of the reduction in repair « 
shown since 1945. The change in 
of motive power since 1940 has 
little favorable effect on this reductid 
as a study of Fig. 9 will show. | 

The railways of the United States pa} 
a substantial penalty in high repair eo 
for allowing their steam motive poy 
to become so old during the period | 
1925 to 1945. 


Oy, 


Conclusions 


The diesel engine has been increas 
materially in rated output during the p: 
15 years by supercharging, greater fi 
injection, higher mean effective pressut 
and slightly higher speeds, without ba 
change in design or in principal pag 
Some parts and materials are now be: 
worked harder than previously. Re 
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ts have continued to rise with age at 
e rates indicated in Fig. 9. 

In comparison with other types of 
ptive power, and from the study of re- 
hir costs, it seems apparent that the 
merican-built diesel locomotive, in road 
Vice generally, is: 


Too small in horsepower capacity per 
iit. 


Too heavy in weight per unit for the 
pacity. 


Too expensive in first cost for the 
}tsepower capacity. 


Much too expensive to maintain. 


Too short in its economic and service 


Therefore, too great a consumer of 
ilway capital. 


These factors negate the claim that this 
pe of locomotive is an economic boon 
American railways. 


Multiple units are actually a necessity 
order that diesels may equal the per- 
rmance of steam or electric locomotives, 


ich they have replaced. Although 
merally hailed as a virtue, multiple-unit 
peration greatly multiplies the invest- 
ent in motive power required per train. 


All locomotives must have greater 
prsepower per ton of train weight for 
pid acceleration and high speeds than 
r starting and slower speeds. The 


Discussion 


. C. Cross (Westinghouse Electric Inter- 
ational Company, New York, N. Y.): 
is worthy of note that the data presented 
Mr. Brown concerning the rate of rise 
maintenance cost and the economic life 
toad diesel-electric locomotives have 


ganization up to the present time. On 
he contrary, the relatively short economic 
fe appears to be accepted fact by both 
ailroads and locomotive manufacturers. 
me manufacturing official has publicly 
ated that his company believes the 
verage life of a diesel-electric locomotive 
1 road service is a period of approximately 
5 years. 

Fig. 9 of the paper shows a comparison 
f repair costs of various types of road 
pcomotives. It is not clear whether the 
-wise spread of cost shown for diesel 
becomotives is actually due to variations 
1 locomotive design or to differences in 
yerage annual mileage. It is to be ex- 
ted that the rate of rise in cost will 
ease in proportion to the annual 
qilea ge. 

The available data indicate that oper- 
ted annual mileages, varying from ap- 
roximately 45,000 miles to 100,000 miles, 
re accrued on individual locomotives in 
liffering road services. 
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diesel unit excels only in the latter re- 
quirement, 

The best American diesel will deliver 
no more than 16 hp per ton of locomotive 
weight, although European manufac- 
turers have developed types capable of 
producing 30 hp per ton of weight. 
American manufacturers can build from 
150 to 200 hp per ton of weight into an 
automobile or an airplane, but they are 
still unable to install in a single diesel 
locomotive unit the maximum horsepower 
built into steam locomotives in 1939. 

Can the railways afford to perpetuate 
the consumption of capital required by 
presently designed diesel locomotives 
especially where numerous units are 
necessitated because of dense traffic? 

Diesel manufacturers have the next 5 
years to develop a diesel that will equal, 
economically, other types of motive 
power. Similarly, American railway 
officials, concerned with traffic density, 
have the same 5 years to study the real 
economics of the types of motive power 
available, both here and abroad. 

Types having greater horsepower and 
faster speeds may permit railways not 
only to retain the traffic now carried, but 
possibly to recapture some of that which 
has been lost to other transportation 
agencies. Shorter trains and more fre- 
quent service might also aid in accom- 
plishing this. The economic future of 
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H.F. Brown: Mr. Cross points out that on 
exceptions have been taken to my statement 
regarding the diesel’s relatively short eco- 
nomic life. When originally presented at 
the joint AIEE-ASME meeting in Pitts- 
burgh, Pa., in April, 1960, this paper 
aroused oral discussion by a representative 
of one manufacturer in which this short life 
was questioned. 

However, short economic life, demon- 
strated by the more rapid rate of rise in 
repair costs, has possibly even better proof 
in the actual retirements of this type of 
motive power, compared with acquisitions. 
The cumulative number of diesel units re- 
tired by the class I railways at the end of 
1959 was 3,153, according to ICC annual 
statistics. This was more than the cumula- 
tive 3,044 units acquired at the end of 1944, 
which would indicate an average life of 
approximately 14.5 years for these retired 
units. 

Since more than 50% of these units were 
in yard service in 1944, the actual retire- 


ments indicate well under 15 years of life for 


road power and 20 years for yard power. 
They also confirm the shorter lives indicated 
by rates of rise in diesel repair costs, shown 
in Fig. 9. The short life of diesel motive 
power is no longer a theory—it is a fact 
that is going to become more impressive 
within the next five years. 

Mr. Cross asks an explanation of the 
“fan-like spread’? of diesel repair costs 
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American railways depends materially on 
their ability to secure and apply the most 
economical and longest-lived motive 
power. 
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shown in Fig. 9 (and shown more clearly in 
Fig. 6.) ‘ 

A number of factors affect this rate of rise 
with age, regardless of present design or 
manufacturer. Although the unit of “‘per 
1,000 rail-horsepower mile’? is a somewhat 
more accurate “‘yardstick’’ for measuring 
repair costs than would be the “per loco- 
motive mile’’ or “‘per unit mile,’’ it may not 
be quite the same for all railroads since 
there are physical differences in the lines 
(grades); in traffic requirements (speed); 
and in shop conditions and practices. 

Time factors also are involved with all 
these costs such as, for example, periodic 
inspections and overhauls, when the mileage 
performed is a secondary consideration. 
In some cases, a greater annual mileage may 
show a lower rate of rise in repair costs be- 
cause of fewer time-factor costs. Moreover, 
the loading of motive power, i.e., whether 
average performance is at partial or at full- 
load capacity, has an important bearing on 
repair costs and their rate of rise. 

Fig. 6 seems to indicate that, in general, 
diesel motive power on the same railroad has 
a greater rate of rise in these costs in freight 
than in passenger service. This would indi- 
cate that horsepower capacity of the unit 
has a bearing on these costs, since usually, 
for passenger service, fewer units of larger 
horsepower capacity are used in multiple- 
unit than is the case for freight service. 

Steam and electric motive power have the 
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same fan-like spread in repair costs as has 
diesel power—and probably for the same 
reasons—but their general trends are lower, 
as shown in Fig. 10. 

A simple straight-line trend for repair 
costs may be determined for any period 
from a plot of these costs related to age and 
corrected to the desired price level; by in- 
spection, if the plotted points indicate a 
fairly uniform pattern of rise; or by the 
“method of least squares,’’ if the points are 
scattered. Such straight-line trends often 
show a steeper rate of rise, or slope, for 
a shorter, earlier period than for a longer or 
later period. This factor is indicated in Fig. 6. 

As repair costs are (theoretically) zero at 
zero age, if rates of rise diminish as the age 
progresses, they may produce a definite 
curved pattern. Such a curve might be 
represented by the positive values of the 
parabolic equation 


y=Ax 


where y represents the repair costs; x, the 
age; and A, a constant to be determined. 
In such a formula, a straight-line trend 
would be a tangent (or a secant parallel to 
such a tangent) to this curve at any year, 
and would explain, in part, the reduced 
slope for the greater term of years. 


Both steam and electric locomotives have 
been built with capacity in one unit capable 
of handling the longest trains. Where 
multiple-unit operation of several smaller- 
capacity units is required to replace the 
performance of such larger units, it seems 
almost unnecessary to point out that many 
repair costs become multiplied, because 
numerous electrical as well as mechanical 
items having wear are doubled, trebled, or 
quadrupled through multiple-unit opera- 
tion. This is another important factor con- 
tributing to the steeper rise of diesel motive 
power repair costs. There can be little 
doubt that the concept of small-capacity 
motive power units, even though capable of 
multiple-unit operation by one crew, has 
added materially to railway operating ex- 
pense in items in addition to repair costs. 

In spite of the change from steam to diesel 
and the great reduction. in number of units 
caused by loss of traffic, repair costs continue 
to be the largest single expense item. In 
1959, diesel repair costs for road and yard 
power combined was $451,000,000 on the 
class I railways. Total investment in this 
type of motive power was well over 3.5 billion 
dollars, and replacements of the same type, 
even at original prices, would call for an 
average annual expenditure of $233,000,000, 
based on a maximum of 15 years’ useful life. 


General Principles of the Experimental 


Equipment Developed by the French 


National Railroads for Remote- 
Controlled Railroad Operations 


J. C. BLUMSTEIN 


NONMEMBER AIEE 


HE CONCEPT of automation in the 

railroad industry is not a new one. 
It has been applied for some time in 
Centralized Traffic Control (CTC), for 
example, and in the operation of classifica- 
tion yards. However, its application to 
the remote control of train operations is 
of more recent date. 

In the operation of trains by remote 
control, the engineman is released from 
any decision and from any control related 
to the acceleration or deceleration of his 
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train. The actual train movements are 
directed from a centrally located office 
where the required orders are prepared 
and transmitted to the locomotive receiv- 
ing equipment through an adequate 
medium. 

When the problem of train operation 
is analyzed, it is seen that safety requires 
two fundamental and separate actions: 


1. The dispatcher, or the signal tower op- 
erator under his direction, must prepare the 
given train itinerary by correctly setting the 
track switches and signals, taking into ac- 
count, of course, the movements of any 
other trains involved. 


2. The locomotive engineer must then 
operate his train in accordance with the sig- 
nal indications, and the various orders re- 
ceived. 


The first part of this procedure has 
already been automated to a large degree, 
since interlockings prevent any incorrect 
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If purchased, as in the past by annual 
stallments, the interest at 4% on the t 
balance will average $70,000,000 anm 
The sum:of these three charges is $754,( 
000 annually. Bi 
Since this expensive motive power mow 
neither passengers nor freight on th 
today any faster than they are moved 
highways, railways are rapidly losing 
to the automotive vehicles on these 
ways. Significantly, the greatest p 
this diesel railway motive power is sit 
by the automotive industry itself. 
Are railways blind to the fact that 
they procure cheaper, longer-lived, 
and hence more powerful, motive 
within the next decade, many of the 
cease to exist because of continuing 
loss? And is it not rather naive to 
the automotive industry to design and 
such cheaper, more powerful, and I 
lived motive power, to compete wi 
traffic on the highways, which after 
their proper and larger field of endeavor 
Time is running out. The railways 
United States cannot much longer 
the significance of such high motive 
costs. Nearly every other country in t 
world has found and is using more econo( 
ical motive power for their dense tra 


moves when a route is being automati | 
set up from a centrally located tow 
The second part, however, involving 7 
actual operation of the train, is still ¢ 
trolled by an engineman in the cab of t 
locomotive. The information given 
him by wayside signals is sometimes 1} 
peated by signals in the cab, which,i 
unacknowledged or disregarded, can cai 
the automatic application of the brak 
Radio has also been used to transmit 
bal orders to the engineman while his 
is in motion. Therefore, the basic a] 
quirements for operating a train by 1} 
mote control, without the presence of ’ 
engineman in the locomotive cab, i 
clude the following: 


} 


Fig. 1. Remote-controlled locomoti 


operation 
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servomechanism 


2. Electropneumatic 
(simplified diagram) 


b>—A\ir supply to feed valves at constant 
pressure of 64 psi 

—Pilot feed valve, under control of i 

—Engine feed valve, under control of 
PV, as i exceeds ig 

—Brake feed valve, under control of PV, 
as i is less than ig 

Pilot pressure, O to 57 psi, regulated by 

value of i 

Operating current, O to 150 milliamperes 

—Engine control 

—Brake control 


The transmission of information and 
ders from a centrally located point to re- 
ving devices on the train in motion. 


Control of the speed of the locomotive 
a predetermined rate. 


The French National Railroads en- 
avored to meet these basic require- 
ents before proceeding further. 
The answer to the first of these re- 
irements was demonstrated on April 18, 
5, when an electric train was operated 
Zemote control for 10 miles on a main- 
e track, by orders transmitted from a 
stant station. To prove their con- 
ence the engineers locked all the doors 
the locomotive and allowed no one in 
e cab during this trial. 
A d-c electric locomotive of the B-B 
00 type, hauling a 5-car train, was 
q ed, accelerated, slowed down, and 
ypped. Orders were transmitted from 
wayside radio station to the locomotive, 
d their execution in the correct sequence 
s observed from a rail car running on 
*ks parallel to those of the experi- 
‘otal train. The results of this test 
re very promising. 
solution of the second requirement 
is found by experimenting with a shunt- 
> locomotive, operating in a yard; see 
z. 1. In this test, the speed of the 
emotive was entirely controlled from 
e switch tower over the range from 0 to 
5 mph, 
is test was limited to a shunting 
pmotive to avoid the difficulties in- 
Ived with the deceleration of long 
having pneumatic brakes. Re- 
is being carried out, however, 
electropneumatic 


hid developing 


~ 
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brake equipment which will solve this 
problem. The application to a shunting 
locomotive was made also because it was 
expected, and demonstrated by the tests, 
that when the locomotive is controlled 
from the switch tower, the efficiency of 
the operation is increased to a fair de- 
gree. 

The six aims of the French National 
Railroads were: 


1. To control the shunting locomotive by 
radio, usually from the general yard tower. 
In the initial program, control was planned 
for three different speeds: 15 mph, 9 mph, 
and the humping speed of 2.4 mph, with 
slight possible variations around this value. 
Later, it was thought more desirable to 
achieve continuous control over the entire 
range of speed between 0 and the maximum 
of 25 mph. 


2. To direct movements, both forward and 
reverse, by remote control. 


3. To provide means for an adequate ap- 
proaching speed so that the locomotive 
would escape the tower control as soon as it 
approached a freight car, far enough in ad- 
vance to enable the locomotive to slow down 
automatically to an impact speed of 1.2 
mph, and then come back under tower 
control after impact or coupling. 

4. To provide control from other locations, 
such as the receiving yard. The areas under 
control of each tower should be limited and 
defined by a “barrier” beyond which the 
control is automatically passed on to the 
next tower. If no signal is sent at that 
time, the locomotive simply stops. 

5. To control the locomotive, when re- 
quired, from any part of the yard by porta- 
ble transmitters. 

6. To enable normal manual control, to 
take over, should remote control fail, or 
should the locomotive be used outside the 
yard limits. 


Four of these objectives have been 
attained and perfected: 


1. The continuous control of speed over the 
entire range. 


2. The control of forward and reverse 
movements. 
3. The control of an approach and cou- 
pling speed. 


4. Instantaneous changeover from auto- 
matic to manual operation. 


Theory of the Automation Applied to 
Yard Locomotives 


The locomotive chosen for the initial 
experiments was a diesel-electric unit of a 
type commonly used in the French Rail- 
way yards: a 6-axle Baldwin switcher 
weighing 110 tons and having a nominal 
rating of 660 horsepower. 


CONTINUOUS CONTROL OF SPEED 


As on all diesel-electric locomotive, the 
regulation of the power plant is such 
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that for a given speed of the diesel en- 
gine, the power delivered to the main 
generator has a definite value independent 
of the speed of the locomotive. 

The power transmitted to the wheels is 
under the control of the diesel engine 
governor, actuated by a servomotor, 
which is controlled by the throttle. 
Varying the air pressure in this valve 
from 0 to 57 psi (pounds per square inch), 
by means of the throttle, enables the 
engineman to control the speed of the 
diesel engine, and thus the tractive effort 
of the locomotive. 

Although the manual control of the 
diesel engine is, as a rule, quite flexible, 
two positions or steps in the control pre- 
sented difficulties in the solution of this 
part of the problem. These were the 
cutting out of the resistance in the ex- 
citer field, and the shunting of the motor 
fields. These difficulties could have been 
eliminated by modifying the electrical 
transmission of the locomotive, but in 
order to retain the same manual operating 
conditions as for other locomotives of this 
same class, and also to prove that these 
difficulties could be overcome, these 
electrical transmission features were left 
unchanged. 

The brake equipment consisted of an 
automatic pneumatic train brake, plus an 
independent pneumatic locomotive brake; 
the latter offered braking possibilities 
from 0 to 50 psi. The similarity between 
accelerating and braking controls pro- 
vided the basic idea for the design of the 
speed-control mechanism. Both con- 
trols are operated by a single air pressure, 
referred to as pilot pressure, which is 
related to a single electric current of low 
intensity. 

The remote-control equipment on the 
locomotive has three major components 
as described in the following. 

1. The electropneumatic servomecha- 
nism which controls the diesel engine speed 
and the force of application of the brakes. 
This servomechanism is designed to func- 
tion, when energized, in place of the exist- 
ing manual controls, with no modifications 
of the conventional equipment of the 
locomotive. Thus, manual control is 


Fig. 3. Variation of pressure p with respect 
to current i 
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Fig. 4. Closed-loop circuit (simplified dia- 
gram showing how operating current i is 
produced) 


ey—Reference voltage related to required 
speed So 
€;—Voltage proportional to actual speed S 
of the locomotive, from D, 
D:;—Dynamo connected to the wheels of the 
s 
measures L a 
D2—Dynamo measuring the speed (rpm) of the 


locomotive 


dw 
diesel engine (measures M re 


Ci—Input circuit to amplifier A 

Cy)—Output circuit of amplifier A 
A—Anplifier 

i—Operating current proportional to (S9—S) 


always available, and automatic control 
is made available instantly by simply 
turning a switch to energize it. 

The mechanism consists mainly of two 
automatic feed valves, one for the engine, 
taking the place of the throttle, and the 
other for braking, taking the place of the 
independent brake. The working prin- 
ciples of the equipment require that the 
action of both of these valves be under 
the control of a single parameter, p, repre- 
sented by a compressed-air pilot pressure, 
ranging from 0 to 57 psi. The higher 
values of this pressure activate the diesel 
engine control valve, and the lower values 
activate the brake valve. 

The pilot pressure p is under control of 
an electric current 7 ranging in intensity 
from 0 to 150 milliamperes, through a 
small pilot feed valve operated by an elec- 
tromagnet; see Fig. 2. The design of 
this valve is such that the pilot pressure p 
is always proportional to the intensity of 
the current z over the entire range of 
operations. In short, both engine and 
brake controls are subordinated to a 
single factor, the current 7. 

The use of compressed air, pilot pres- 
sure, for the actuating medium has proved 
to be especially flexible, and offers definite 
advantages for such an application. 
Compressed air is always available on a 
locomotive and affords the possibility of 
designing simple and rugged equipment 
which gives little trouble even though 
minor leakages may occur. 
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A reference to Fig. 3 will show more 
clearly the variation of the pressure p with 
respect to the intensity of the current 1, 
and how these values are related to the 
engine and brake controls. 

2. The electric speed-control mecha- 
nism, which relates the required speed So 
of the locomotive to a voltage é, applied 
to the electric circuit of the servo- 
mechanism. This mechanism gives con- 
tinuous control between 0 and 25 mph. 
Its working principle is based on a 
closed-loop circuit, see Fig. 4. 

The reference voltage é, related to the 
required speed Sp, is opposed to another 
voltage e;, proportional to the actual speed 
S of the locomotive, in the closed-loop 
circuit. The voltage e; is supplied from a 
small dynamo connected to the locomo- 
tive wheels. The resulting electromotive 
force in this circuit, (¢9—e,) is amplified 
by an amplifier A, which finally supplies in 
the output circuit Co, a current 7 propor- 
tional to (Sy—.S), the difference between 
the required and the actual speed. 

Thus an equation is obtained: 


where 7) and K are constants. 

Refer now to Fig. 3 which shows the 
variation of engine or brake control pres- 
sure with respect to current 7, and place 
4 in the above formula at the location 7% 
on the graph. It will then be seen that 
when the actual speed S is smaller than 
the required speed So, current 7 is greater 
than %, thus causing the engine to ac- 
celerate, and the brakes to be released. 
When the actual speed S is greater than 
the required speed So, current 7 is smaller 
than %, thus causing application of the 
brakes; the engine will remain idle. 

When S and S are nearly equal, the 
currents 7 and % are very nearly of the 
same value. Thus, neither engine nor 
brake is brought into action. Further- 
more, by transposing 7% in the above 
equation: 


t—th= K(Sp— 


where K is a.constant, it is seen that both 
braking (when 7—7<0) and accelerating 
(when i—%>0) are, as a rule proportional 
to the difference between the required 
speed Sp and the actual speed S of the 
locomotive, at a given time. Thus, this 
mechanism provides a progressive action. 

However, it must be noted that a 
mechanism of such simple design, in- 
tended for speed control, will lack sta- 
bility, and is liable to set up sustained 
oscillations of speed around Sy). To 
avoid this phenomenon, the final equation 
should be written as follows: 
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_are liable to occur at given speeds w 


dS dw 
1=t)—K(So—S)—-L Zi M a 
where L(d.S/dt) is a value proportior 
the acceleration of the locomotive, — 
derived from the small generator Dy, ar 
where M(dw/dt) is a value proportion 
the angular acceleration of the diesel en 
derived from a small generator D2 on ¢} 
engine. 


The corrective term M(dw/ a t) 
necessary for two reasons: 


(a). To avoid transitory racing of 
diesel engine. 


(b). To overcome the difficulties al 
mentioned of cutting out resistance i 
exciter field and the shunting of the mot} 
fields. 


The degree of accuracy of the requir! 
speed Sp has certain limiting factors. On) 
steep downgrade, with a heavy load, old 
ing the speed So will require high bra 
power. Hence, the current 7 will h 
very low value. On the contrary, o 
upgrade maintaining the speed Sp 
necessitate the full output of the 
engine; and the current 7 will be aroun | 
the maximum value. | 

The difference AS between the actts 
speed S on each of these two extre i 
operating possibilities, and the requ " 
speed So, will correspond to the vari 
of voltage Ae, which sets up throug: 
amplifier A a variation of the current 
from minimum to maximum value. — 

This implies, theoretically, that 
difference AS can be reduced as des 
by a suitable increase in the amplificai 
factor. In practice, unstable conditt 


the amplification factor is too high, 1 
establishing certain limits. With t# 
mechanism developed so far, AS is ai 
proximately +1 mph, but further refir 
ments may be expected. 
It is evident that the electromagn 
servomechanism, together with the 
tric speed-control mechanism, pe 
speed control of the locomotive. 
could be done manually on the locom 
by applying the required voltage e to 
circuit Co by means of a potentiomet 
some similar apparatus. This ope 
teresting possibilities, since, wi 
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Fig. 5. Principle of interrupted moduli 


defining the remote-controlled speed as f 
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wally going to full remote-control Op- 
tions, the engineer’s duty can be 
litated on humping operations, and a 
re accurate control of the speed can be 
ained. 
The ratio transmission of the refer- 
te voltage e) from the control tower to 
locomotive. It has already been 
bwn that an accurate and continuous 
ed control of the locomotive can be 
ained if such a voltage, proportional to 
& required speed Sy, is applied to the 
gvomechanism on the locomotive. 

n the tower, a radio transmitter which 
nerates a carrier wave of 160 megacycles 
nstalled. This carrier wave is modu- 
ed at 1,000 cps (cycles per second). 
e modulation is interrupted with a 
quency of some 15 cps so that during 
2 of these interruption periods, T, the 
dulation frequency is maintained for a 
ion of this time, 7); see Fig. 5. 

The ratio, r= T,/T gives the ratio of the 
note controlled speed So to the maxi- 
m speed Sy, of the locomotive: 


errupted modulated carrier wave are 
known and required no details here. 
e advantage offered by such a prin- 
le is that the required speed is defined 
means of a number 7, the ratio of two 
gths of time, 7; and T, rather than by a 
sical magnitude of the modulated 
rier wave, dependent on the quality of 
radio transmission. Furthermore, 
en radio transmission is not interrup- 
i, other modulated frequency bands of 
> carrier may be used for transmitting 
ditional information, such as are needed 
the control of forward and reverse 
ections. 

On the locomotive, the receiver is tuned 
that no current is set up during the 
ervals T—T;,, when no modulation is 
eived. During the interval 7), when 
dulation is received, the receiver circuit 
Mllates with a constant amplitude in 
1chronism with the transmitted modu- 
ion. This receiving device eliminates, 
srefore, any possible fluctuations in the 
nstnission, 

In short, the reference voltage é pro- 
ced in the receiver is proportional to the 
ration 7; of the wave trains. By vary- 
r this duration 7, at the transmitter, 
= voltage é in the receiver is varied in 
P same manner, thus controlling the 
bed Sp as previously explained. There- 
e, it is apparent that the general 
erating principles of this speed-control 
ipment can be used on diesel locomo- 


a 


es of various types. 


PTEMBER 1961 


AUTOMATIC CONTROL! | 
I | 


4 


Fig. 6. Comparison 20 | 
between speed Es) 5 | 
maintained by re- Ss 54 
mote-control and by : 
an experienced | 
engineer 20 . | 
= vio) 
S. 5 | 
uH } 


| i 
MANUAL CONTROL '! 
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| 
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PROFIECE OF THE EINE 
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CONTROL OF FORWARD AND REVERSE 
DIRECTIONS 


The utilization of remote control on the 
directional equipment, forward and re- 
verse motion, is achieved by using the 
same carrier as for speed control. Three 
low-frequency modulations are used: 


110 eps for forward motion 
125 eps for neutral position 
140 eps for reverse 


A remarkable feature of this equip- 
ment is that reversal of the direction can 
be ordered while the locomotive is in mo- 
tion, without taking any special precau- 
tion. Memory relays, coupled with 
appropriate safety devices, allow the 
possibility of performing the operation 
automatically in the correct sequence. 


CONTROL OF AN APPROACH AND COUPLING 
SPEED 


The first solution of this problem which 
comes to mind is radar, which has not 
been used because it is too expensive 
and, furthermore, presents some diffi- 
culties in view of the short distances in- 
volved. Actually, detection must be 
made over a distance of about 100 feet in 
order to enable the locomotive running 
at 9 mph to slow down to 1.3 mph. 

In a first test, the ultrasonic technique 
was used. The locomotive emits brief 
ultrasonic signals periodically which, after 
being reflected by the obstacle, are re- 
ceived by a microphone installed on the 
locomotive. The time elapsed between 
emissions and reception indicates the dis- 
tance between locomotive and obstacle. 


Although the principle was satisfactory, 


there were irregularities in the perform- 
ance due to parasitic echos and wind 
effects. Consequently, another method 
had to be sought. 

The latest system developed electrically 
measures the length of track between the 
front axle of the locomotive and the rear 
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4 
MILES 


axle of the car which is being approached. 
A constant-frequency current, the in- 
tensity of which is inversely proportional 
to the length of the track, is induced in 
the track circuit. The current thus pro- 
duces variable voltages in receivers 
mounted on the locomotive and, at a 
specific value of this voltage, two si- 
multaneous actions are initiated: 


1. The locomotive is momentarily cut off 
from the tower control. 


2. The speed control is set automatically 
to an approaching speed of approximately 
1.3 mph. 


As soon as coupling is completed, the 
locomotive is brought back under radio 
control. 


The locomotive is fitted with the fol- 
lowing equipment: 


1. For transmission, a loop is installed in a 
horizontal plane, 6 inches above rail level, 
in front of the locomotive. This loop, fed 
by a transistorized transmitter at a 50-ke 
frequency, is tuned electrically upon this 
frequency, with an output value stabilized 
at 100 megawatts, regardless of any varia- 
tions of the supply voltage. 


2. For reception, two receivers are in- 
stalled in the same horizontal plane as the 
transmission loop. They consist mainly of 
ferrite-core coils, the purpose of which is to 
receive the magnetic component of the cur- 
rent induced in the track circuit. The posi- 
tion of these receivers is such that induc- 
tion can be made only through the rails, and 
not directly from the transmitter loop. 


The transistorized receiver equipment 
is composed mainly of a 2-step amplifier 
and a push-pull circuit which includes the 
control relay for the approach and 
coupling speed. 

The present experimental application 
on the French National Railroads allows 
for an approach and coupling speed of 
1.3 mph when the engine is about 100 feet 
from the car. Track curvatures slightly 
reduce this distance. 
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Achievements to Date 


The practical application of the con- 
tinuous control of speed was demonstrated 
experimentally with a test run on a main 
line where steep up and down grades were 
encountered; see Fig. 6. The locomotive 
hauled a dynamometer car equipped 
with radio transmitter, speed-control 
apparatus, and various recording instru- 
ments. A speed of 13 mph was main- 
tained over the whole run with variations 
not exceeding 1.2 mph. 

The locomotive performed extremely 
well, fulfilling all of the expectations in- 
volved with the theoretical concepts. In 
fact, over the difficult route chosen, re- 
mote control performance was even better 
than manual control with an experienced 
engineman; Fig. 6. 

The locomotive was then put in shunt- 
ing service in a yard handling an average 


of 2,000 carsaday. At first, it was feared 
that unfavorable conditions might create 
difficulties for radio transmission. 


yard which creates a zone of absorption 
likely to produce interference and a con- 
crete bridge crosses the incoming tracks 
where the locomotive must operate when 
a long train is being cut. Nevertheless, 
the locomotive executed all orders in an 
entirely satisfactory way. 

To date, after 2 years of service, this 
locomotive is still in operation. Four 
additional remote controlled shunting 
units have been added since. 

The French National Railroads is now 
working on another experimental applica- 
tion of remote control which consists of 
controlling the operating mechanism of a 
booster locomotive placed anywhere in 
a train from the head locomotive. In 
other words, the thought is to operate 


There © 
is a forest in the immediate vicinity of the _ 


multiple units without any connec 
wires between units. Since there 
limit to train loads because of coup) 
strength, this development will ma 
possible to run two or three trains to 
as a single unit. This might well bea 
other step toward further developme 
of automation in railroad operation, 


Conclusions 


The work carried out by the Rese; 
Department of the French National 
roads during the past 10 years has 
sulted in the introduction of ren 
controlled train operations as a cu 
daily event in several classification yare} 
Even though this new development t 
not yet yielded the economic returns 
might be rightfully expected, it is a 
in the right direction toward the n 
ending search for safety and impr 
ment of operating efficiency. 


Contact Wire Wear 
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ONTACT wire wear is important to 
the operator of an electric railroad, 
primarily because it contributes to the 
maintenance cost of the catenary system. 
The prudent operator will, therefore, 
periodically check the condition of the 
wire so that replacements may be planned 
in an orderly manner before breaks occur. 
The data presented here are based largely 
on results of such a survey, made on 
The Pennsylvania Railroad in1958, which 
covers approximately 94% of the electri- 
fied road track miles. Yard tracks were 
not included. 

The entire catenary system operates at 
11,000 volts, 25 cycles, single phase on 
this electrification. On so-called main- 
line tracks, a compound catenary system 
is used. This consists of a 5/8-inch 
bronze or composite-copper and copper- 
covered steel stranded messenger cable; 
a no. 4/0 Awg (American wire gage), 
grooved, hard-drawn copper auxiliary; 
and a single grooved, bronze contact wire. 
On most of the original construction, the 
size of this contact wire was no. 4/0 Awg. 
Later, to provide a longer-wearing life and 
because of some difficulty with fatigue 
breaks, larger wire was used for high- 
speed passenger tracks and on heavily 
travelled suburban tracks. A 300-MCM 
(thousand-circular-mil) cross section was 
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used first but later, in order to increase the 
useful life further, the standard for these 
tracks was raised to a 336.4-MCM size, 
having an elongated, or somewhat oval, 
cross section. Size 4/0 Awg is still the 
standard for tracks normally assigned to 
freight trains. These three sizes of con- 
tact wire are illustrated in Fig. 1, which 
also indicates the amount of permitted 
wear and the remaining vertical diameter 
at which replacement is required. 

On lines used exclusively for freight 
service (except for an occasional passenger 
train detour) a simple catenary system is 
used which consists of a 5/8-inch, stranded 
composite messenger cable, and a size 4/0 
Awg, grooved, bronze contact wire. 
Lifting-type hangers are used to avoid 
hard spots. It is expected that the 4/0 
Awg size will be continued when the time 
comes for replacement. 

All-electric locomotives and multiple- 
unit cars collect current from the contact 
wire by means of pantographs equipped 
with mild steel shoes. No wearing strips 
are used. Road locomotive pantographs 
have two shoes and operate with an up- 
ward pressure of 32 pounds. Multiple- 
unit car pantographs have a single shoe 
and operate at a pressure of 22 pounds. 

The principal cause of contact wire wear 
is probably simple mechanical abrasion 
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tion in the catenary construction, 01 
contamination of the contact surface | 
the wire by dirt, soot, corrosion, or ie 
About the middle of 1940, a program 1 
lubrication of pantograph shoes 
inaugurated. This lubrication consistd 
of painting a coat of graphite on the si ( 
before installation and adding applic 
tions of the lubricant at terminals y 
time and opportunity were avail: 
Results were measured in terms of pe 
graph shoe life. Some improvement 
seen although not as great as had 
hoped for. Intermediate application ¥ 
difficult to control and the program 
been largely discontinued except for ti 
initial new shoe application. It wai 
that the increased shoe life almost f 
for the cost of the lubrication and tt 
some saving from the probable decre 
rate of wear of the contact wire result 
The latter has never been specifi 
measured but it is believed to be bene 
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The Illinois Central System started 
ping graphite lubrication late in 1935 in 
ne form of a paste placed between two 
ppper wearing strips on the pantograph 
noe. During the first 4 years, the life of 
earing strips was practically trebled and 
ne contact wire wear (at a specific loca- 
on where measurements were taken 
pnually) decreased from a rate of 22.8 
ils per 100,000 pantograph passes to 
pout 9.1 mils. 
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The Delaware, Lackawanna and West- 
ern Railroad Company started using 
graphite lubrication, similar to that of the 
Illinois Central, in 1937 and during the 
first 3 years, the life of the copper wear- 
ing strips increased approximately 50 per 
cent. A recent statement from the elec- 
trical engineer of that railroad indicates 
that the average life of wearing strips is 
now almost four times longer than before 
lubrication. Prior to lubrication, this 
company assumed that all size 4/0 Awg 
bronze, double contact wires would have 
to be replaced by 1950, after a life of 
approximately 20 years. During 30 years 
of operation, more than 131,000,000 
pantograph miles have been accumulated. 
They have actually replaced 150,000 feet 
of the wire, or 14 miles out of a total of 157 
miles of electrified track. This was 
largely due to improper initial installa- 
tion methods, such as the use of im- 
properly reeled wire, and thin spots at 
station platforms. An ultimate life of 
another 10 years, for a 40-year, total is 
expected for the rest of the wire. The 
vertical diameter at which the wire is 
condemned on this railroad is 250 mils. 
On this basis, the author estimates 
that the 40-year life represents an aver- 
age wear rate of about 17 mils per 100,- 
000 pantograph passes. 

The Lackawanna, which has also been 
experimenting with carbon shoes, found 
that: 


1. Carbon life matched that of the copper 
strips within 1,000 pantograph miles, the 
total being about 41,000 miles, and both 
ran for the same period. 


2. There was no burning of the carbon. 


3. While the test included two minor ice 


conditions, there was no evidence of any 
operating difficulty. 


4. No special precautions or 
maintenance were necessary. 


special 


5. Although carbons tended to groove and 
valley in the first few runs, they eventually 
smoothed out so that pantograph operation 
was not impaired, 


If these shoes conform to present expecta- 
tions, a further extension of the life of the 
contact wire may be realized. 

On The Pennsylvania Railroad, the 
contact wire’s rate of wear was not uni- 
form throughout the electrified system 
but was most rapid near station platforms 
in suburban territory, where multiple- 
unit trains make frequent stops. This 
condition exists on most electric railroads 
and has been attributed to the high rate 
of current collection during acceleration of 
the trains. The Pennsylvania found that 
the rate of wear was about the same on 
both the approaching and leaving sides of 
the station, extending from 250 to 400 feet 
in each direction. However, many long 
trains are operated, so current collection 
may not be ruled out as a contributing 
factor. The rate of wear is 2 to 3 times 
as great in the stations as on the line be- 
tween stops. 

Approaches to low spots in the contact 
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Table Il. The Pennsylvania Railroad Contact Wire Condition for 1958 and Planned Replacement, 1960 to 1984 
Life, Years Planned ‘ 
Vertical Annual Replace- Passenge 
Track, Date Diameter, Wear, Pres- Remain- ment, 
Location Numbers Installed Size Miles Mils Mils ent ing Total Miles kk 
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12), 
A. ew York region: 
a East eee tats SER cco sc RED ere, 1932iyae. 300% “MCM iawn. Derma A508 seer AS Binnie QB ern ens ar eer EDD estete id Demag vee Pp 
2. East River tunnels............... Bye Te aera 193235 300 MCM...... Disyeravern BOB wea Di oe hehe 26585 «ike 54..... SOM ran none...... iy 
8. North River tunnels............. IN Ge Seis ee Oe eneeness 300 MCM...... 5 SABO ate Sree Bri Oceutee AB civeue tate BB rickeneue BOs scteles none Paper: 
4. Tunnel portals, Newark........... Ie ia on 1945..... 300 MCM...... 14...... ATD.. sh core Me Gwisione Lois LOU eres ZS viene Pe ieee 2 
5. Newark—Rahway.. «icici isiels v0 1 a Se W947 a ae 300) “MCM nna eae, ons AOD i wwovinks (Ea, csc Ie Ree es BW Gee Pele Gt PA Ney BE : 
6. Newark—-Rahway...............-. DASE Bins TOSS ce 4/0 Awe wv) ves BANE sree ORG mao t 3 Societe QB yc i Papi a AR. Saute DOr eras F 
7. Rahway—Trenton..........-.+. 6 WBS ec 1947..... 300 MCM...... Theres oa S80 anak GOs acces di terete ABS ote bao ieee flome.. 2... ae 
§, Rahway—Trentons 2. ss «du sleieeie DER Boe satin 1983) eet /OnAwiemern atta ee res ae 400) caves Bs weds 325 dadae QBin wee AB tants Ay Swi ransie Be 
Ol» -Trenton—Holmesinus esses ce eo. e oe GL TOETAA etanatege 1953..... 336.4 MCM...... SSiainietie G5OW, saa Gis Ov nein eae po eds een Ole sed none.., bs 
10, Trenton—Holmes.............+5. NSS aeE Ae. 1930..... 4/0 Awg ...... BBs eis A007 BOe.teee 28. wie PABA once Desh et none...... 33) 
dite sjerseyaGity Branch sane siete DeBoer ens 1932.03... 4/0 Awg ...... LB terone ys 3c FT Oe Jaksetets BAB setts PRIA vt Dy. teats BT scosttee 13 owe eae 
125" Other branch lines: .eceelere ee miei re Le saree ol TOSS eters B/OVAWE “icteric 44...... AZO) rehearen stl Seth CYS iho SO ure BYES A ico none PP &e 
13° . Other branch: lines eran © -ireisieies ATL Preis dels 1939..... 4/0 Awg ...... AD ews halets ADB a daisies Pare iene, fh 0 20 seereter Blanton a f3Giee fe exoke none oP Se 
AY “Total New Work FEsIoie ies ocond eco ay oe arere ahaa tal a wcolterthenetghomet eiaies ane traeneta Na at otctinte MOB eek Fo ee utes tasencouielellan:ce 1 ehtelte cere en eetig Relate Eek eared 150 
B. Philadelphia region: 
I, Philadelphia—Paoli; cpa. + octene er ee eee aE 1946..... 300 MCM...... PAU ee cei 500) sea 6) Onnute es Lae as QB piel SB jauseioe 20) ws, 50, chee) oa 
2), ‘Philadelphia—Paols..)..01 sais ie nels Dit tenet POSSe ren 4/0 Awg ...... 20 oie a tepate AZO For Brace 2.2 Date onthe ps eee AQ i Secs OB F s5,< sis NONE, 5 eiaeee ET 
8. Philadelphia—Paoli............... Oo elon. oe 19835. 3. 4/0 Awg ...... QOn cthetes 405 Sts Soh woraten 2b enne BT's. gees 52 2. ON. O F 
4. Philadelphia—Paoli............00s20 0 A, cae hners es. cusaes 300 MCM...... PAU MA ea AOG* ries Gs. 1G node Dra es Zaliyeieye's BRE moo 78 20). ickelexs eee 
5. Holmes—Philadelphia............. A Ba: ese a Oe TOAST Dieses 336.4 MCM...... Bite pee (OU sat ae Lea's ovousteie ok ag See is EUG int AL. a6 none...¢.. 2am 
6. Holmes—Philadelphia............. 2&3... TOSOL veut 4/0 Awg ...... 28s steels 405 vices Ze sa sheet 28 Mavens OM aah Bitrate HONE .je.cses ee 
7. Chestnut Hill Branch............. MOEN crgsyiey ots (Oz era 4/0 Awg ...... Gas Ne nce 3 rode ER oer clo cmv DOr AG eisaniers 13° ...25 eee 
8. West Chester Branch............. Dy Beret eccns 1949..... 300 MCM...... bey besacuni fs 585, sae Bis Sani ae Die! sate AQ. at 49 . eNOUE.. 5 a<en, 
OS #Paoli= Harrisburg. ncs.cetienisic secacte AML sins, Fe LOSS Hae. 4/0 Awg ...... QA Te eet <.) Al Dees eas. 3.4.. PAE a ae OE Gwen NG ie So none ok) (ae 
10. Columbia & A. & B. Branches 
and York Haven Line............ A eR ose 1938..... 4/0 Awg ...... ZOGH24. 5: WA eta Dra elena PAU Bacthech OT Sones Bie ae ots NONE. 4.0 a «ee 
11. P. & T. and Trenton Branches..... Allie tage ares 1938..... 4/0 Awg ...... eS pants 440...... ‘Qi, ieee tems PAU Soros BF. Saas 87 » sia RIOHLE,, ai ctvens een 
12 Total’Philadelphig region !\.0 die tect oloss octet aeabalaca cielo eh eta stot iiekehe elmore TAG RI aati etateerare sensei favs: Hides, < Biehe aokel teen . 53 
C. Chesapeake region: 
I> Brill-Bellevue. . ii. .gccce ns ved cis ss Al Gc Aevete etexe 1947..... 300 MCM 44...... SSS eates DAs wsme TLDS oer 220 cree AOR nites none,..... P 
2: Brill_Bellevue.. Asana n ico ds aod 28S ait cies 1928..... 4/0 Awg ...... OOK astasc BOO. he wis SOc eee SORT: SOM se BOUA ae. none... F 
3. Bellevue—West Yard.............. DrSer Siete eons 1948..... 300 MCM...... T2iee toe 509. Sy ein GB. Diora LOR Rey C-EINER Slaw eee D2 nttres Pp 
4. West Vard—Perryville.......... SEL gees eehatats 1934..... A/O! Awe, =e situa: S2isiereisis.. ABO Pe Teter ies DA oncieis yh Tate Hone. 3,3 oe ey 
5. West Yard—Perryville............. DE GE ee ae 1955,.... 336.4MCM...... uprat 662. 650 sees 3 eee AG. ing: AD iy Pi none...... 
6. West Vard—Perryville............. DEAS teleraiee LOLs 300 MCM...... torre oe 550 iantiete GUO. score Bee oy ater SL eerie BOs « vey none...... P 
7. West Vard—Perryville......... A Sah NOL Sie teil one 1934..... 4/0 Awg ...... Ais iste tics S80 ces AB veins coe aoe Tani. BOn visas deri Se we a 
8. Perryville-Gunpow............... De decisis 1934..... 4/0 Awg ...... APES 410...... 3: Oe 24 jee PAL ee SS ieee mone...... F 
9. Perryville-Gunpow............... Di ec 1934..... 4/0 Awg ...... Bia nebe C BOO Mckee Ded Sue etayers Pte Bae ar SNe ies Dra anereds 2 ee P 
10. Perryville-Gunpow.............-. 1 ae 1952) ca 300 MCM...... AREEL BSQ. sae coca Glee) Gs <att Dol Men a 5 
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12. Perryville-Gunpow............... eee Ny 1952..... 300 MCM...... i ot 520: ge 0c: Bae Gir pata © oT te ee ae P 
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wire, such as at overhead bridges, was an- 
other location where rapid wear was 
initially experienced. However, this has 
been brought under control by extending 
the length of the gradient approaching 
such low spots and thereby decreasing the 
steepness. 

Aside from these locations, the rate of 
wear appears to vary with the number of 
pantograph passes and the type of service 
operated under the wire. Unfortunately, 
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there is no readily available record, either 
in total or by class of service, of the 
number of pantograph passes occurring in 
any specific area in electrified territory. 
However, by utilizing the data which are 
available, an approximation may be 
made. 

For this purpose, 1950 was selected as 
an average year during the life of the 
electrification. Official timetables were 
examined and the number of scheduled 
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passenger trains, paula by both locolf a 
tives and multiple units, was determine 
for each of several specific sections. Fro 
other records the average number of loca 
motive units per train (1.06) and of mu 
ple-unit cars per train (4.93) were deter é 
mined. The distribution of the loce 
motive and multiple-unit car mi 
and the resulting pantograph passes, w 
then estimated. The average numb 
of freight locomotive miles, per mile 


SEPTEMBER 196 


Fig. 3. Effect of excessive current feeding through loop hangers 


eight track, was also determined from 
ge records and it was assumed that the 
noverment over the principal freight 
ranches, which are used exclusively for 
eight service, was about equal to the 
verage. Since the original wire is still in 
lace over the freight branches, and since 
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Fig. 4. Loop hanger test 
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freight movement with electric locomo- 
tives has been reasonably uniform, the 
latter figures were satisfactory for use. 
However, much of the present contact 
wire in the selected passenger train areas 
was installed only a few years prior to 
1950 and some of it since that year. 
Therefore, the average passenger train 
figures had to be modified to take into 
account the changing traffic pattern of 
recent years; this is shown in graph form 
in Fig. 2. 

The estimated average pantograph 
passes per year were applied to the aver- 
age contact wire wear per year, and the 
results are shown in Table I. 

The derivation of these approximations 
required several estimations and assump- 
tions and the values should, therefore, be 
used with caution. However, they are 
based on the best available information, 
and it is believed that they are satisfac- 
tory for normal catenary construction. 
They are not applicable, however, to the 
wire in the New York tunnels and possi- 
bly other special locations. 

Data regarding the contact wire on 
1,625 of the 1,723 electrified road-track 
miles, excluding 426 miles of electrified 
yard and siding track, are given in con- 
siderable detail in Table II. Installa- 
tion date, size, length, vertical diameter, 
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average annual wear, and life of the wire, 
as well as the planned replacement pro- 
gram for the 25-year period from 1960 to 
1984, are included in the data. It 
will be noted that about 27% of the 
mileage is scheduled for replacement dur- 
ing this period, or a little over one % 
per year. About 63% of this is on pass- 
enger tracks, some of which may be 
postponed further, in view of the reduced 
level of passenger traffic. 

The bulk of catenary maintenance cost 
is preventive maintenance, for inspec- 
tion, minor repairs, etc., but major re- 
placements of contact wire add sub- 
stantially to this cost. The average 
annual cost of planned replacements over 
the 25-year period would amount to about 
14% of the annual cost without major 
replacements. Both this cost and the 
inconvenience of such replacements can be 
held to a minimum if replacements are 
carefully planned and programmed over 
the years rather than permitting the wire 
to wear to the point where emergency 
measures become necessary. 


Sa 


Discussion 


L. W. Birch (Ohio Brass Company, Mans- 
field, Ohio): Having been actively engaged 
with transit and railroad overhead dis- 
tribution problems for many years, I can 
appreciate the great effort and accumula- 
tion of knowledge represented in Mr. 
Gordon’s paper, which should be useful 
to many companies, both domestic and 
foreign, who are concerned with electrified 
lines. With respect to Mr. Gordon’s 
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Fig. 5. Life of steel loop hanger with varying 
pressures against messenger 
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statement that the “principal cause of 
contact wire wear is probably simple 
mechanical abrasion from the pantograph 
shoe,’”’ I would like to add some comments, 
which may throw additional light on this 
subject. 

Some years ago, we were confronted 
with loop catenary hanger burning on 
several railroads because of an excessive 
amount of current passing from the mes- 
senger cable, through the loop hanger, and 
into the trolley wire. The loop hanger 
is selected because it provides flexibility 
due to its ability to lift from the messenger 
cable. This sliding, lifting action can 
cause considerable damage because of the 
breaking of the electric circuit between 
the hanger loop and the messenger cable 
when a pantograph passes beneath the 
hanger. 

A test, Fig. 8, was conducted and, on 
the basis of its results, we were able to 
vary the vertical amplitude of the hanger, 
as well as simulate the speed of the train. 


Currents ranging from 0 to 16 amperes — 


were passed through the hanger, and 
various materials, both ferrous and non- 
ferrous, were used in the experiment. 
Some interesting figures were obtained from 
the 5 years of continuous, 24-hour-per-day 
experiment. 

At 15 amperes, Fig. 4, an iron loop hanger 
lasted 30,000 pantograph passes, while the 
bronze loop hanger lasted 150,000. At 
10 amperes, the iron hanger was extended 
to 70,000 passes, while that of the bronze 
reached 250,000 passes. At 8 amperes, 
the respective passes were 110,000 and 
320,000. At 3.5 amperes, both hangers 
withstood 600,000 pantograph passes, which 
is indicated by the point where the two 
life curves pass in the illustration. At 
zero amperes, when there was only me- 
chanical abrasion to affect the hanger 
rods, the iron hanger loop withstood 
13,000,000 pantograph passes while the 
bronze rod withstood only 1,100,000. 
Thus, a variation in the life of the hanger 
results from both abrasion and the passage 


of cutrent. It should be noted, from the 
foregoing, that the amount of current 
which passed from the messenger cable 
into the hanger loop was relatively small 
during all experiments. 

The termination of a test was reached 
either when one wire of the messenger 
cable was severed or when the hanger rod 
itself became too thin to support its pro- 
portion of trolley wire. 

Another phase of trolley wire life history 
has been presented by the trolley coach. 
A no. 2/0 Awg grooved, bronze trolley 
wire, having the swivel harp equipped 
with a trolley wheel, which was used for 
trolley coaches until 1930, permitted a 
life of approximately 400,000 coach passes. 
Then, the old bronze wheel was replaced 
by a steel shoe which reduced the life of 
the 2/0 grooved trolley wire to 75,000 bus 
passes, without lubrication. By lubricat- 
ing the trolley wire, the steel shoe’s life 
was increased to 500,000 car passes. After 
1935, the carbon shoe insert was introduced, 
and now a trolley wire’s life in excess of 
3,000,000 coach passes for 2/0 grooved 
wire can be expected. 

On their new east-west rapid-transit 
line, the Cleveland Transit System installed 
a sitigle metallic shoe pantograph to 
operate on a catenary system which in- 
cluded only one trolley wire. The old 
rule-of-thumb tells us that one contact 
point made by a single pantograph shoe 
and a single trolley wire will enable the 
collector to handle approximately 500 
amperes, not 1,000 amperes which was 
normally collected. Extreme trolley wire 
wear at certain locations was experienced 
with this arrangement. Ultimately, the 
pantographs were replaced with a 2-pan 
collector equipped with carbon blocks. 
The previously experienced trolley wire 
wear, which was attributed to burning, 
was reduced to a minimum and the wire 
life was extended. 

With respect to the pressures of a col- 
lector against the trolley wire, there seems 
to be a minimum pressure which will prevent 


the collector from being disturbed 
high train speeds or by wind and, a 
same time, provide adequate commuta 
The Illinois Central Railroad made 
sive tests after suburban electrific 
and decided that 21-pound pressu 
collector against the trolley wire pro 
greatest life for the trolley wire as w 
for the pantograph collector strips. 
is approximately the net pressure usec 
trolley coaches where a carbon coll 
is pressed against a trolley wire. Pressur 
was found to be a factor in loop har 
life, as shown in Fig. 5. 
Speed, another factor influencing th 
life of trolley wire, does not, in itself, catisi] 
greater wire deterioration, but wi 
coupled with certain overhead defects 
can cause severe burning and abra: 
I refer to the French National Raily 
tests of 1954, in which 4,000 amperes 
collected at 142 miles per hour on a 1,50) 
volt line without injury to the wire. TI 
General Electric Company’s test in thi 
1920’s indicated good life with high ¢ 
rents, but both the French and the Ge 
Electric engineers realized that cet 
modifications had to be made to cate 
systems to secure satisfactory collectio 
Today, smoothness, uniform inertia, ana 
restricted vertical deflection must 
considered for the overhead system, o1 
wise satisfactory collection of current a 
long life of the trolley wire cannot 
attained. 
Returning to Mr. Gordon’s staten 
that “the principal cause of contact 
wear is probably simple mechanical a 
sion from the pantograph shoe,” I ag 
that electrical wear or burning can 
kept to a minimum with adequate tro 
wire tension, bumpless overhead, 
controlled current collection. By the la 
term, I mean within the limits of 
collector for various values of curr 
Nevertheless, it should be remembe 
that current is responsible for a consi 
able amount of deterioration of grooy 
trolley wire. 
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An annual volume in three parts containing all officially ap- 
proved technical papers with discussions corresponding to 
six issues of the bimonthly publication of the same name 
bound in cloth with a stiff cover. 


Part I Communication and Electronics 
Part II Applications and Industry 
Part III Power Apparatus and Systems 


Annual subscription to all three parts (beginning with vol. 


17 for 1958). . 


Annual subscription to any two parts. 


AIEE Standards 


Listing of Standards, test codes, and reports with prices fur- 
nished on request. 


Special Publications 


Committee reports on special subjects, bibliographies, sur- 
veys, and papers and discussions of some specialized technical 
conferences, as announced in ELECTRICAL ENGINEERING. 


*Discount 25% of basic nonmember prices to college and 
public libraries. Publishers and subscription agencies 15% 
of basic nonmember prices. For available discounts on 
Standards and special publications, obtain price lists from 
Order Department at Headquarters. 


Send all orders to: 


Order Department 
American Institute of Electrical Engineers 
345 East 47th Street, New York 17, N. Y. 
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